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CocraButens: Kaua. ¢pu3.mMar. HayK, foueHT Hypyrnunosa 1.H.

[TpuBeneHs! BapuaHTHI 33JaHUN KOHTPOJBHBIX PadOT Ui CTYJICHTOB 3a0YHOU (HOPMBI
Oo0y4eHHs 10 OCHOBHBIM TE€MaM, COOTBETCTBYIOUIME O0a30BOMY YpPOBHIO H3yUYCHHS
IUCUUIUIMHBL «Bpicmas mMatematuka» B 1-m cemectpe. [IpuBeneHsl 00pasubl penieHus
BCEX 3aJaHUH, CHaA0)KEHHBIE HEOOXOJUMBIMHU TEOPETUYECKHUMHU CBEICHUSIMH.

BBEJIEHUE

VY4ebHO-MeToIM4YecKoe MOoCOoO0Me COACPKHUT WHAMBUIYaJIbHBIE 3a/aHUSI KOHTPOJIbHU
paboThl, BBINOJHAEMONW CTYIACHTaMH 3a04HON (opmbl oOydeHus B 1-M cemecTpe. TeMaTHKa
3aJaHuH OXBAaTBHIBAET BCE OCHOBHBIC pa3leNbl JAUCHUIUIMHBI «BpIcmas maTeMaTukay,
u3ydaemble B 1-M cemecTpe: JMHEiHas anreOpa, BeKTOpHas anrebpa M aHAIUTHYECKas
reomerpus, JuddepeHuaIbHoe HCUYUCIeHUe (YHKIMHM OJHOW IEepeMEHHOH, HcclieloBaHHe
GyHKUMH M nocTpoeHue TrpadukoB, (YHKIHMU HECKOJIBKMX IE€PEMEHHBIX, HEOIpeaesIEHHBIN
UHTETpal.

3amanug Mo Kaxaod Teme umeroT 20 BapHMaHTOB, MPAaBHJIO BBIOOpAa BapuaHTa Iepen
3aJJaHUAMU KOHTPOJIbHOU paloThl. IlpencraBieHbl OCHOBHBIE TEOPETHUECKUMH HOJOXKEHUS U
HOHATHS, COOTBETCTBYIOIINE 0a30BOMY YPOBHIO U3YUCHMSI TUCIUITIIMHBI, U MOJPOOHOE pelIeHne
Bcex 3ajaHuil. Bbibop TemaTuku ocyuiecTBisuics Ha ocHoBe aHanuza OI'OC3++ B 06as3oBoit
noarotoBke OakamaBpoB HampaieHus 12.03.04. Taxke mNpHBENEH CIHMCOK TEOPETHUECKUX

BOIIPOCOB JIA IOATOTOBKHU K DK3aMCHY U PpCKOMCHAyEMas JINTEpaTypa.



BAPUAHTBI 3AJAHUI KOHTPOJIbHOM PABOTBHI Ne 1
JUHEWHAS AJITEBPA. BEKTOPHASI AJITEBPA 1
AHAJIMTUYECKASI TEOMETPUSL. IM®PEPEHIIUAJIBHOE
NCYUCJIEHUE ®YHKIIUU OJJHOM MEPEMEHHOJA.
HUCCJIEJOBAHUE ®YHKIIUNA U TOCTPOEHUE I'PA®UKOB.
®YHKIIMH HECKOJIBKUX NEPEMEHHBIX. HEOIIPEJIEJIEHHBIN
UHTEIPAJI

IMPABUJIO BBIBOPA BAPUAHTA
Howmep BapuanTa cTy1eHT BBIOMPAET COIIaCHO MOPSAKOBOMY HOMEpY B XKypHaJle Ipyninbl. Eciau

MOPSIIKOBBIM HOMED B xKypHauie 6obie 20, TO HoMep BBIOUpAeTCsl CHavasa, T.€. MOPSIAKOBBIN
HoMep 21 - HoMep BapuaHTa - 1, MOpAIKOBBIA HOMED 22 - HOMEp BapuaHTa - 2 U T.]I.

2a -3b ¢ 0
Baganme 1. JlaHBI MaTpUIBI A=|3a —6b 5c |, B=| 2abc |,
5a —4b 2c 3abc
-3 4 3
a 2b %
C= , D=1 2 0| X=|X
—-d 3c
2 -5 -1 X,

a) IlogcraButh 3HaueHus napamerpoB &, b, €, d u3 Tabmuubl 1 coriacHo
BapUaHTYy U 3amucath MaTpuilsl A, B, C.
0) Haittu matpuniel F = AD - DA; G = AB; R =C?+2C"-3Cc™: A™.
B) Pemuth cuctemy ypaBHeHui A-X=B TpeMmsi METOJaMU:
o ¢popmynam Kpamepa; MarpuuHbsiM MeTOAOM; MeToioMm [ aycca.

Taoauna 1

Howep a b C d Howep a b C d
BapyaHTa BapuUaHTa

1 -1 1 -2 —4 11 1 2 -2 -3

2 2 -1 3 -1 12 1 2 -3 -2

3 1 3 -1 —4 13 3 —2 -1 2

4 -2 1 4 2 14 —2 3 4 -1

5 -1 2 2 3 15 1 1 -5 -1

6 -3 2 -1 16 -1 -3 2 -1

7 -1 1 -4 17 3 -1 1 5

8 2 -1 -1 4 18 2 3 -1 -3

9 —2 -3 3 1 19 1 -1 -4 2

10 -3 3 -2 1 20 -4 1 1 3




3aganue 2. [lanbl KOOPAWHATHI BEPIIMH TPEYTONbHON mHUpaMuibl A14,A3A,
(cm. Tabu.). Tpebyercst HaWTH:

a) IJIUHBI pedep A14,; n A1A4s;

0) yron Mexy peopamu A14; u A14s;

B) ILIOIIAAb TpaHu A1A4,A3;

') 00BEM MUPAMUJIBL;

1) KAHOHMYECKUE ypaBHEHHsI TpssMoit |, mpoxosiieli uepe3 Touku Ay U Ay,

) ypaBHeHue mnockoctu I, mpoxossiieit uepes3 Touku Aq, Az, v As;

) yroi Mexxay npsimoii | u mmockoctsio I1;

3) BBICOTY TUPaMU/IBbI.

Homep Ay A, As Ay
BapHUaHTa
1 1,21 0, 2,5) -1, 3,1) (1, 4, 3)
2 (-1,-2,1) (-2,-2,5) (-3,-1,1) (-1,0,3)
3 0, 2,-1) -1, 2,3) -2,3,7) 0,4,1)
4 -1,2,0) (-2, 2,4) (-3,3,0) -1, 4,2
5 (2, 2,3) 1,2,7) (0, 3,3) (2,4,5)
6 2,-1,1) (1,-1,5) 0,0,1) (2,1, 3)
7 -1, 1,-2) -2,1,2) (-3, 2,-2) (-1, 3,0)
8 -1,2,1) (-2, 2,5) -3,3,1) -1,4,3)
9 (-2,1,-1) (-3,1,3) (-4,2,1) -2,3,1)
10 (1,1, 2 0, 1, 6) -1, 2,2 (1, 3, 4)
11 0,-1,2) (-1,-1, 6) (-2,0,2) 0,1, 4)
12 (3,0, 2) (2,0, 6) (1,1, 2 (3,2,4)
13 (-2,-1,1) (-3,-1,5) (-4,0,1) -2,1,3)
14 (1,-1,2) (0,-1, 6) (-1,0,2) 1,1,4)
15 2,3,2) 1, 3, 6) 0,4,2) (2,5,4)
16 -1,0,2) (-2, 0, 6) -3,1,2) -1, 2,4
17 (2,0,3) (1,0,7) 0,1, 3) (2,2,5)
18 (2,-1, 2) (1,-1,6) 0,0, 2) (2,1,4)
19 1,-2,1) 0,-2,5) (-1,-1,1) 1,0,3)
20 0, 3, 2) (-1, 3,6) (-2, 4,2 0,5, 4)
3aganue 3.

3.1. Haiitu npousBoHbie 1-ro nopsinka GyHKIMA @), 0), 8), U 2);
3.2. Haittu npou3BoiHyt0 2-r0 mopsaka GyHKIUH a)
3.3. 3anucarp quddepeniman nepBoro nopsaka GyHKIM a)

4 1 ~
1]@)y=x"+—+—=—; |6)s=(5—3arctgr)e"; &)u = tg* 3V +2); e)z:ln(Af 5t).
X X’ sint
3 3t
2 a)y:2x—%+4\/>(3; 6)s=(3—cost)(5+2sin?); |g)u= [V =3InV: z)z:t —e2t.
arcos




_tP+e?

3layy =24+ —x |6)s=(-5Inn)e+Ine; [gu=vcosr:  |o)z=
3 X arsint
1 1-3tgt
4la)yy=x*+=-23x; |6)s=(3"—4)(t—2cos?); =In*(5V -3); = :
)y » Ix;  |6)s =3 -4)( ) l&)u=InGr—3); |2)z —
3
5 a)y:%_ia+4\/7; 6)s = (6t +arcsin?)6';  |6)u=In?(4V +3); Z)ZZSCJ;tsgzztt'
X
6 a)y:5x—x—24+35/x_6; 6)s = (¢ ~3)(4t+2Inz); |6)u =cos*(3V +1); g)zz—t‘are‘f'”3t,
7 a)y=x3—%+<‘/x_9; 6)s =(4—cost)Int g)u:arctgz\i; Z)Z:arccoszat_
X 2 1-9t
H 2
8 a)y:%+§/x_2—4x; 6)s=(3t+2In)Int;  |6)u=arctg*(2V —1): e)z:s'”(t;3)_
e
t
9 a)y=5x9+%+§/§; 6)s =2 t_35t; 6)u=ctg4%; e)z=arctgéln(9+t2).
X ot L 6)s = (7t+arccos?)Int; 5 : _1-3tg(t/3)
-2 _z = ; —In°-V); - .
10ja)y 5+2\/X_ - )s =( ) g)u=In"(1-7) 2)z o5 (t/3)
4 7 2—-Int )

4 3sint_l
12|a)y =2Jx ——+3x*;  |6)s =(e' —3¢*)Int; =sin®(8V +1); = :
)y =2x . )s = (e' —3f%) 6)u O+ )=
13&)Y=2X3—£—4X5; 6)s =1*(4+ 2arctge); 3)u=|n3\i; g)zzs_sm?’t,

X7 2 eZt
4 3t
14a)y=%_3+§/§; 6)s = (e' —3*)tgr; 8)u =~arccos 2V ; Z)Zzln(tt+e).
X
3 -
15(a) y =X~ + 3x~2;/0) S = (4-2sinn)e’; Qu=cos’ (@ -1); |2)z =LA
3 X 1-4t
3 J—
16 a)y=x—+§5 Z—is; 0)s =(t—arcsinz)sint;  |g)u =ctg®(3—2V); z)z:—ln(css41t: 1),
{—cost
17a>y=3xz—x—24+W: 6)s = (3-2¢)(6+5¢"); e)u:arctg3%; e)z=ﬁ.
3 ondt
18 a)y:x5—£3+21/x_5; 6)s =(4-3In7)(5+2sin7); |6)u =arcsin® 2V; Z)Z:4tcoszte _
X
19 a)y=7x2+%—%/x_2 . |6)s =(@+2)(2—3arcetar); |6)u =sin®(2V +3); g)zzimtgtzzt,
+
20/a) y =5x’ +%—\6/x_7 . 16)s=@+1g)A-50t00); |y =3—ar7;  |o)z= —S;”(fn‘gtt) |

3apnanme 4. CocTraBUTh ypaBHEHHME KacaTelIbHOM M HOpPMaldd K KPUBOM
y=f(X) B TOuKe ¢ abcIuccon xo.

Homep Homep
BapHAHTA Bun ¢pynkuun f(X) BapranTa Bun ¢pynkuun f(X)
1 Ux® +4, %, =2. 2 V1+3Xx, %, =1.




3 x* 2
3 23/x+x-3, x, =8. 4 St =2
5 2x+1, X, =1. 6 JX +2x, X, =4.
X
2 2
7 X3 -1 8 X x =1
X X=2
9 JBox, x, =1. 10 %—42/?, X, =1
3 2
11 _, % =2 12 | XX -
\J5— X 3
13 | e¥x—atx, x =1. 14 | x+d x =2
2
15 X —£21X—3’ X, =3, 16 x2 4% X, =3
17 14Jx —15%x, x, =1. 18 Ad1-x2, x, =3.
19 X x=-2 20 | 3(¥x-ax), % =1
X +1

3ananme 5. Halitu ipenenbl, UCTIOIB3YS JIEMEHTapHbIE CIIOCOOBI
PAaCKpBITHS HEOTIPEIEIICHHOCTEN WK MpaBuiio Jlonuras.

Howmep “m_f(x) Iimﬂ IimM
BapvaHTa x> @(X) % 9(X) o 9(%)
. 27x*-3x-8 2 i
. o) lim=Z2 —=X=°% 6) Iimx +x—20, 8) i 2sin X
x> 2X2 +6x—11 x>5  x2_25 x>0 2% 1
2 5 —X
2 |9 im 2 0) im— X 25 |e) >
x—x]1—4%x° —3X X5 X2 —2x-15 x>0 thX
im xX*—2x-1 lim 3x* +17x -6 W21
3 a) X—>oc X4 +4X2 —8’ 6) X—>—6 X2 +2Xx—-24 ’ 6) |XILI‘11 In x
i 2-x+6x° Iim2x2—9x+10_ & 47X
4 |9 Sr0rx-3¢ |0 wm g |® limT
. 27x°-8 2 _4x+3 3x% 42X
5 a) lim—————; 6 lim2 8) lim .
x—>x 5x* 4 2x —1 ) x>3 X2 —X—6 x>0 tg4x
A X+2 3 —J4-
6 | M g it (e g2
X® —3X° + X x>-1x2 _1 x=0 arcsin2x
4%° +X+6 2
) lim : X =5x+4 |5 . COsx-—1
7 o X+ 88X +1 0) 'X'LE‘ x> -16 legg 3x*




2
X +2x-1 lim 2X_ 19X+ 7. . In(1+5x)
8 |a) limZI2Xs 6) M o148 limI X
X—>oc 2X2+3 ' x—0 arctg3x
3 _ 2 _ e _1
9 a) i );;7)(; 6) I|m7xJ3r—8x+1; & lim———.
x> 3X° —2X +1 x>1 x*—1 -0 In(1+ 2x)
2 b 2 :
10 a lim 1+5x° —X ; 5) m 6Xx —5x+1; 6) |im 2resinXx
o QX —3x3 +1 U3 3x—1 =0 14+ x —1
. 5x*+3x-2 2 :
a) lim=————=_*<. . XT—=X—-2 . Sin3x
- o 2x-1 o lim x2—4 ) IXILT(]x?’+2x'
3 -
x> 2X° +6xX—-11 x>l X2 —5x+4 x>0 [n(1+ X)
lim 3+ 2X =X, lim X 12X+ 20. 457 _q
13 |9 Si o iBx—1' |6) o x_9x-10 | ® lim——-.
x>0 Sin 2X
. X=3x° 2 S _q
14 x>c X3 +8 0) >!I—>nj1 2 41 x-0 arctg X
T —TX+6 3
15 |0 lim—— % g aim X8 e jim 192X
texX X x>2 X% —X—6 x>0 1—COS X
imx“—2x2+x—3_ , _
16 |9 o= 27 +8x-5 ' |6) lim X ;4)(_1, 8) lim—mnX .
-t X -1 x-0 gresin 3X
17 |9 Nim—m——; lim— 8) |im>9X,
o 2x0 -9 9) x>4 X2 —5x +4 o0 X
. x=3x° 2 :
a) lim——>2 - . X" —4x+4 8 ._arcsin3x
B |7 Meeeet |0 MM |0 ISl
. 3x"+5x-2 3
19 a) !(|m3—; 6) lim X" =27 ’ 8) Iimx/4+x—2;
>x X°+2X+8 x>3 X2 — AX + 3 X—0 X
. 3 +5x+1 2 5y 1 @b
20 |9 lm—F— > lim > 8 fim—=
o5 -2 +3" |0 x? -9 x>0 Sin 4x

Bapanme 6. [Toctpouts rpaduk byukuun y=f(X), ncrnoas3ys oOIIy0 cxemy

UCCIIeNOBaHUs (PYHKITUH.

Howmep Bun gymkun f(x) Homep Buna ¢pyuxmun f(X)
BApHAHTA BapHAHTA
1 —5x° +30x° —45x +10 2 x° —9x* +24x—18




3 x* +6x° —15x +8 4 —x*+9x* —15x -3
5 x> +12x% +45x +50 6 2x3 —15x° + 24x+1
7 X —3x*-9x -5 8 —Xx*+6X° —9x+2
9 X3 +3x% —24x+28 10 X3 +4x* -3x—8
11 X* +3x* —9x+5 12 —x®+ x> +5x+3
13 x* —3x* —24x—28 14 x* —12x+5

15 X —6x*+9x—4 16 2x* —12x* +18x—5
17 x® —6x* —15x—8 18 x® —15x> +48x+3
19 x® —12x* +45x —50 20 X2 +6X>+9x+4

3aganue /. HaliTu yacTHbIE MPOU3BOIHBIE MIEPBOTO MOPAJIKA OT (PYHKIUU 110

KaXJ0OMY apryMEHTY.

No Z(x,Y) Z(x,y) u(x,y,z)
Bap. Zy=?272y=" Zy=?2y=" Uy =? Uy =?u; =?
1 |a)z=x"y1-34[fy |[6)z :4‘ytg(xy2) 6) u=tgx-eY
2 a)z:X_?’z_3x2y 0)Z = xyarcsin y 8) u:tgz(xz—lny)
2
3 a)Z:X—2y—§ 6)Z =x*+1%Inx |6) u=ysin(x2—z)
4 la)z=2xy®—{x3y° 6)Z Z(x—yz)COSZx 6) U :(y3 —2x3)ln Z
.3 2
5 [a)z=xy*+x(1-y?) 0)2 =x arctg(y x) 6) u=2%\x—5y?
_ . ; \
6 a)Z :1_2XZY+W 6)Z =cos y -arcsin(xy) 6) u:(x—ﬁ)ezz
133 2 2 2 2
7 a)Z =§X y —— 6)Z = y-arccos(x“y) |6) u=(x -y )cossz
X2
8 |a)Z=xyx’y-= 6)Z=3" +cos’x |6) u=e"*-sin(yz)
9 a)Z :y3+6x\ﬁ—5 0)2 =tg2x-arcsinxy) 6) U= yz.cos(x+32)
10 |a)z=x*-3y+y¥x |6)Z=x"-ctg(xy) |s) u:(y3—2x)ln32




11 a)Z:x(xz—y)—éﬁ 6)Z:\/;-In(x2y) 6) u=(x2+e22)sin4y
12 |a)z :%+2—Xy 6)Z =e cos(2x-y) 6) u:(xz—ez)cos(xy)
13 a)Z:yz(x3+2y)—F 6)Z:e4y|n<x2+y) 6) u:(ey—z3)ln2y
14 a)Z:(l—xz)y3+\/§ 6)Z =sin2x- 2% 6) U=,/X+3y-Inz

15 a)Zzg—x(y4+5) 5)Z:M 6) U=1g4x-In(y+3z)
16 |a)Z=x>-4xy 6)Z =% -arctgto) | 6) u=+z-cos(x - y?)
17 a)Z=4xy3+§/x_3 6)Z =cos” xIn(x - y) ) u=Iny-sin(3x +z)
18 a)Z=2x3+2M—1 6)Z:(x2 +3y)3 8) u=3""Y.cos2z

19 a)Z:y(2x—y)+§ijy 6)Z = ysin®2x 6) u:ezln(xz—yz)
20 a)Z:%—% 6)Z:eXCOS(3x+y2) 6) u:(xz—e?’z)cosZy

3anganme 8. [lana dyHkwms ckanspaoro moiist U = U (X, Y, z). Haiiru:

a) rpaaueHT GyHKIMU U Touke My (Xo, Yo, Zo), MOZTYJTb TPAJUEHTA U OOBSICHUTD
(U3HYECKUIT CMBICIT ITOYYEHHOTO PE3yJIbTaTa;
0) Mpou3BOaHYI0 QYHKIMK U B Touke My (Xo, Yo, Zo) B HANIPABJICHUH BEKTOPA S .

Ne ~
Bap. u(x,y,z) M (Xo, Yo, Z0) S
1 u=x?-3y?+Inz? (2-31) (1; 1; 3)
2 u= (x2 + yz)ez‘1 (-12,1) (=3; 0; 4)
3 u=cos(x-y)+2z° (g 0, 1} (1;-2; 2)




4 u=(2z+1)e* (2,1,-1) (1,1 1)
5 u =sin(xyz) m, 1) (2;2;1)
6 u = xy?z 11) (1; 2; 2)
7 u:ln(x2+yz) (1,2, 2) (0; 3; 4)
8 u:exy(zz+z) 0,1) (0; -3; 4)
9 u=sin(xy)+z° 2,1) (-1; -1:0)
10 u=x"+2z° 12) (-2,-1,2)
11 u=arctg(xy)+z° -1, 2) (-1;1; 2)
12 u=(3x-1)e"** -1 2) (0; 1; 0)
13 u=x2y+yz—ev 0,2,-1) (-3: 0; 4)
14 u=9-xyz 1,1,5) (1; 1; 0)
15 u=In(xy+2%) (2,2,2) (3; 0; 4)
16 u=x%z+y*—z%xy 2,-1) (-2;-2; 1)
17 u:ln(x2+y2+22) 1, 2) (4;3;0)
18 u=yx2+y2+2% 3,0) (-1:1: 1)
19 =" (22 +1) 0,2) (2:-1:-2)
20 u =arctg(xyz) (2,1,1) (2;1;2)

3apanme 9. MccnenoBars Ha skcTpeMyM dyHKImio Z = Z (X, Y).

Ne

Bap. Z(x.y) Bap. Z(x,Y)
1 Z=3X+6y— X2 —xy+ V> 2 z=x*—2x*+y*+2y+3
2 2 y
3 Zz=1+6X—X"—xy—-y 4 z:(x2+y)e2
5 |z=x3+8y’—6xy+5 6 |z=x>—y>—3xy




2 2

y

7 |z=x°+xy+y?—6x—9y 8 z:X?+2xy+7—4x—5y
9 |z=x°+y?+xy—4x—5y 10 |z=1+2x—4y—x*—y?

11 |z=6xy—9x*—-9y* +4x+4y || 12 |z=2xy—-4x-2y

13 |z=x°+y?+4y—2x+4 14 z:X2+y2+(X+23;_16)2
15 |z=x*—-2xy+4y 16 [z=(y-x)*+(y+2)’

17 z:e;(x—yz) 18 |[z=xy(1-x-y)

19 |z=x3+xy+6x+y+1 20 |z=x*+xy+y>-2y-5

3aganme 10. Ilonw3ysice Tabnuilell OCHOBHBIX MHTETPAJIOB M IPaBUIAMU
WHTETPUPOBAHUS, HAUTU UHTETPAJIbI.

Ne Ne
Bap. HNurerpansi Bap. HNurerpasi
2 2
1 j 38 2HX 4 dx 2 J 10 +ae*— 27X g
245 X 3-2x? —X
2 5-X .43 2 . X—4
+ —24x7 |dx +2" — d
3 I(\/3—x2 x° \/_J 4 I(7x2+2 X+ 2
7 x*+5 3% |d P 225 d
> J.3x2+16_ X° e 6 j 6_x2 RN
3cos®x—2 s/ 2 3-x
e m}jx . ;[4X2_ X e
9 I 2+'\/;— 2 +4e* |dx 10 J.( 25 7X—szxjdx
X Jx2+3 6X° +5 COS X
2 4% -1 g 6  3sin®x-5
11 J.L\/4_X + XS —2\/X_jdx 12 -'-(3)(2_5 Sinzx dx




2 2
13 J{ > _2X +10+4§/X_5de 14 I[ 4 2+2(9X—16 X )dx

\f3+X2 X 2 —5x 4+ X
15 I Sixz+6;4xs—3§/x_5jdx 16 f[gj;x2—3cosx+xj__39]dx
Ry R N
19 I(\/4ixz—3x;xg+65x2]dx 20 j(5xf_1—11_+xj+5exldx

3ananme 11. TIpounTerpupoBaTh MOIXOAIIEH 3aMEHON MEPEMEHHOTO WU
MOJIBEICHUEM MO/ 3HaK AuddepeHIuana.

BJ:; HNuTerpanst
. j c0s 2xdx J‘ xdx - dx
2x° +5 J2x? +6x-9
f dx [ xsin(x* ~1)dx &
2 in2 .
sin”8x I 3x% +4x+5
tgx
Y e .
3 | ¢ dx | —=—dx _x
J5x+3 oS X " \J9-8x—x?
4 e xdx dx
" _1-5X -
je T dx T x5 T +8x+3
e | (9 -JIn x dx &+l
71-3x Jox I X2 —4x+6
6 'cos(1—3x)dx ¢ Ccos xdx - dx
I 7 +sinx Y \6+4x— X2
; [sin5xdx - x3dx ~ dx
138 116 T+ 2x -7
g je9x+2dx - In xdx - dx
X 15— 2% + x°




x—-1
sin12xdx - In? xdx dx
o |J - I«/x2+10x+12
( ¥ ’ 2 X—5
o o —_ +
e Xdx X—3
11 (1 A2x+1 —dx
J107 dx " \J1-x? I X% +6x+10
. 5 dx
12 sin(2 —3x)dx J(Zx—l)cos(x —x)dx | | \f T Bre0
. X° +8X +
" 1-3x .
e dx 2\7 xdx
13 |. X(3+ x7)" dx
I "x?—4x-5
2 dx
. - X“dx
][5 ax I x3-3 10— 2x — X2
15 [ cos9x dx r xdx X+95 dx
"N2+X° I 6-+10x + X
16 [ cos4xdx ¢ Xdx X;de
Y44 x* I X2 +4x+5
17 | JeT G _2x+5
| sin?(x? +1) I x?—6x+1
18 - d2X3 [ x2(3— x%)*dx . dx
SIN™ oX J J /4—6X—X2
c . X
sin=dx sinx r_ xdx
19 |. e " cos xdx ——
2 J- TNX% -8x+1
20 '85x+1dx dx dx
' xInx T 13- 2x - X2
3aganue 12. [IpounTerpupoBaTh MO 4acCTSM.
Ne HNuTerpasst Ne HNuTerpanst
Bap. Bap.
1 j(3x+2)|n X dx 2 I(Zx—l)ln X dx
3 I(X—Z)COSZXdX 4 I(3—x)|n X dx




.(2x +1)e> dx

_[(6—5x)|n X dx

5 6

7 .(2x—1)sin 2xdx 8 [arctg x dx

9 [(5x+ 2)cos2xdx 10 [arcsin xdx

11 .[(3—4x)ex dx 12 :arccos xdx
13 '(6x +1)sin xdx 14 [arcctg x dx

15 | [(5—2x)cos3xdx 16 [ xIn xdx

17 '(6—5x)e2X dx 18 [ (4—3x)In xdx
19 .(x+1)sin4xdx 20 [ xsin3xdx

COCTaBJICHHAs M3 4YHCEJ, pACIOJOXKEHHBIX B M CTpokax H N crosdIax.
O6o3HauaroTcst Matpullbl A, B, C u T. . DNIEMEHT MaTPUIIbl, HAXOSIIUICS B CTPOKE
C HOMEpOM | M cTosdue ¢ HoMepoM |, obo3Hauaercs ajj. Ecnmm m = n, To marpuna

Ha3bIBACTCA KBAJIPATHOM MOpsAKa N.

pa3Mepa, KaKIbId 3JEMEHT KOTOpPOW pPaBEH MPOU3BEICHUIO COOTBETCTBYIOIIECTO

AJIEeMEHTa MaTpUIlbl 4 Ha YUCTIO A

Mampuyeii

KPATKHUE TEOPETUYECKUE CBEJAEHUS U OBPA3EIL]
BBINOJIHEHUS 3AJIAHUM KOHTPOJIBHOM PABOTBI Ne 1

1. Marpunbl. Onepanuu ¢ MmaTpunamMu. CucremMbl JUHEHHBIX

anredopanvyeckux ypapHenni (CJIAY)

pazmepa

Ha3bIBACTCA

ynopsiioueHHass — TabiuIia,

IIpoussedenuem mampuyvl A na wucno A HazpiBaeTca maTpuiia C TOro XKe

C=r-A<=c;=2g(i=1..,m; j=1..,n).




Cymmou NByX Matpuil A U B OIMHAKOBBIX pa3MepoB Ha3biBaeTcs marpuua C
TOTO K€ pa3Mepa, JIEMEHThl KOTOPOW PaBHbI CYMME COOTBETCTBYIOIIUX 3JIEMEHTOB
Marpuil A u B:

C=A+B<=¢; =34 +bIj @(i=1..m;j=1..,n). 1.0

YMHOXEHHE MaTpHLbl 4 Ha MaTpULly B onpenesieHo, Korjaa Yucio CToJI0n0B
IEPBOM MATPHUIBl PAaBHO YHCIY CTPOK BTOPOW. Torga mpow3BENECHUEM MATPHUIIBI
Am-« Ha MaTpuny Bixn HaszpiBaeTCa MAaTPULA Crxn, KOXKIBIA 2JIEMEHT KOTOPOH Cjj PaBEH
CYyMME TPOW3BEICHUIA 3IEMEHTOB I-i CTPOKM Marpuilbl A Ha COOTBETCTBYIOIIHE
3JIEMEHTHI |-TO CTOJIOIA MATPUIIBI B:

C=AB; <=c¢;=q,-b;+a,-b,, +..+a,-b,(=L...m j=1..n). (1.2

N3 OIIPCACIICHUA IIPOU3BCACHHA MATPHUI 34dKIH04YaCM, 4YTO OIICpaluAa

YMHOKEHHSI HE 00J1a/1laeT CBOMCTBOM KOMMYTaTUBHOCTH, T.e. A-B=B-A.

Bo3Benenne kBagpaTHOW MaTpuilbl A B LENYIO MOJOXKUTEIBHYIO CTEIICHBb

p(p >1): AP =AA-..-A

pdag

Marpunuen, mpancnonuposannor K MaTpuue A, Ha3bIBAETCA MAaTpHUIIA,
oOpa3oBaHHas U3 MaTpulbl 4 3aMEHON €€ CTPOK COOTBETCTBYIOLIMMHU CTOJIOIAMHU.
TpaHCIIOHHPOBAHHAS MaTPHIIA K MaTpuie A o6o3Hagaercs A'.

Beskoit kBaapatHo matpuie A ToOpsAaka N CTaBUTCS B COOTBETCTBUE
0  ONpPENENIEHHOMY 3aKOHY HEKOTOpPO€ YHCI0, KOTOpOE  Ha3bIBAaETCs
onpedenumesnem TOTO ke NopsAaKka MaTpullbl A u 0003HavaeTcs 4]

Onpenenurens NEPBOro MOPSAKA PABEH CAMOMY YHUCITY.

Onpenenurenb BTOPOTO MOPAJIKA OMPEACIIIETCS PABEHCTBOM:

& ap
= 8,8y, — 83,8, (1.3)
aZl a22
OnpenenureneM TPEThETO TMOPSIKAa  HA3BIBACTCS  YHUCIO, KOTOPOE
BBIYUCTIsICTCS IO popMyIie:
CTCPRCE
a'22 a23 aZl a23 a'21 a‘22

Ay; Ay, Ayg| =3y —a, +ay, . (1-4)
a,, a a
a, a, a, 2 a3 Ay, A3 Ay Agy



Munopom »>nemMeHTa @ omnpeaenurens N-ro  HOpsIKa Ha3bIBAETCS
omnpeaenuTens (N—1)-ro mopsaka, MOMYYCHHBIH W3 HMCXOIHOTO OMPEIACITATEIS
MyTEM BBIYEPKUBAHUS i1 CTPOKH U j-ro cTonda. O603Ha4aeTcst MHHOD Mi;.

Aneebpauueckum Oononnenuem SIEMEHTa @jj ONPENEINUTEN Ha3bIBACTCSl €0
MHUHOpP, YMHO>KCHHBIN Ha (—1)i+j, T. €. Ajj.

A= (1) My,
riae Ajj — anredpanyeckoe JOMOJHEHUE YIEMEHTA dijj,
®opmyiny (1.4) MOXKHO 3amMcaTh TAKUM 00pa3oM:
8y &y A
8y 8y Apg|=ay Ay +a,A, +a3A;.
8y 8y g3

EOunuunoii Ha3pIBaeTCS KBaJpaTHAas MaTpula mopsaka N, y KOTOpOM
AJIEMEHTHI TJIABHOW JTHATOHAIN d11, d22, ... , Apn PABHBI 1, @ OCTaJbHBIE JIIEMEHTHI

paBsbl 0. Ilycte £ — enunnynas marpuna. IIpm ymHOkKeHUM Matpuubl 4 Ha E
CJIEBa WJIM CIIpaBa noiy4daercs Mmarpuua A: AE = E4A = A.
Mar A* 6 i i A
puna Ha3bIBAECTCS 0OpamHou K KBaJpaTHOW wmatpuie A, eciau
BBINOJIHSIOTCS yeaoBus: A-A ' =A"A=E.
OOparHast MaTpulla K KBaJpaTHOM Marpule A CyLIECTBYET TOrJa M TOJBKO

TOrJa, KOT/1a ONPEAENIUTENb MAaTPUILIbI A HE paBEH HYIIO, T. €. |A| # 0. IIpu aToM

4 1,
A ' :_(A )T1 (15)
A
rme A — MaTpuua, B KOTOPOH KaXIblii JIEMEHT MaTpuibl A 3aMeHEH ero

anreOpanyeckuM JOMOJIHEHUEM. Takas MaTpulla Ha3bIBACTCA HPUCOCOUHEHHOU
K MaTpuiie 4.

Munopom nopsioka K matpuiisl A Ha3bIBaeTCsS OMNPEACIIUTEIb Mopsiaka K
MaTpHIIbl, COCTABJICHHBIA M3 AJIEMEHTOB MaTpPHIbl A, CTOSIIMX Ha TEepeceUeHUU
POHU3BOJILHBIX K CTPOK 1 K CTONIOIIOB.

Paneom mMatpuiia Ha3bpIBa€TCS YMCIIO I, TAKOE, YTO BBIOIHSIFOTCS YCIIOBHUS:

1) cyiecTByeT MHHOD MOpsKa I, He paBHBIA HYJIIO;

2) BCE MUHOPBI OOJIBIIETO MOPSIIKa, HauuHas ¢ (1), paBHBI HYJIIO.



Panr matpunel 4 o6o3Havaercs r(A4). Panr marpuiiel — 3TO HaMOOJBIIUIA
HOPSIIOK €€ MUHOPA, HE PaBHOTO HYII0. DTOT MUHOP HAa3bIBAETCS OA3UCHBIM.

DneMeHTapHbIe MpeoOpa3oBaHMsl, HE MEHSIOUIUE PAHTa MATPUIIBI:

1) mepecTaHOBKa CTPOK (CTOJIOIOB) MECTaMU;

2) TpaHCTIOHUPOBAHHE;

3) BBIUEPKUBAHKE CTPOKH (CTOJIONA), BCE JIEMEHTHI KOTOPOH PaBHBI HYIIIO;

4) yMHOYCHHE KaKOW-JIMOO CTPOKH (CTOJIOIA) HA YUCIIO, OTIIMIHOE OT HYJIS,

5) mpubaBicHHE K JI€MEHTaM OJHOM CTPOKH (CTOJI0IA) COOTBETCTBYIOIIMX
AJIEMEHTOB JIPYTOi CTPOKHU (CTOJ011a), YMHOKEHHBIX Ha JIF000€ YUCIIO.

PaccmoTpum cucteMy M ypaBHEHHUM C N HEM3BECTHBIMMU:

allxl +a12X2 +"'+a1n n :bl’

a X +a. X, +..+a, X =h,,
J 217M 22722 2n’*n 2 (16)

QX A%+t a X, =b

m*

O603HaYMM MaTpuUIily U3 KOd()PHUIIMEHTOB MPU HEU3BECTHHIX:

ay; &y, ... ay,
A= Ay 8y .-y, N . .
= , €8 Ha3bIBAIOT OCHOGHOU MamMpuyell CUCMeMbl.
A Ao Qr
b, X
b2 X2
B=| |— cronber cBOOOMHBIX WIEHOB, X =| | — CTONOEI HEM3BECTHBIX,
bm Xn
8y 8,8y, |by
a, a,..a, |b
(A/B)=| 2 27772 | pacIIpeHHas MATPHIIA CHCTEMBL.
aml am2 .. a bm

mn

Cucremy ypaBHenuii (1.6) MOKHO 3amucaTh B MATPUYHOM BUJE:

A-X=B. (1.7)



CoBokymHOCTh uncen dj, d,,..., d,, oOpamaronmx Bce ypaBHCHHUS CUCTEMBI
(1.7) B To’KmecTBa, HA3bIBAETCS peuieHUeM CUCHEMbL.

Cucrema ypaBHEHUMN coemecmua, €Cii OHa UMEET XOTs Obl OJIHO pEIlEHUE,
U Heco8MeCmHa, eCIi OHA HE UMEET PEIICHUS.

JIBe cucteMbl ypaBHEHUN Ha3bIBAIOTCS PAGHOCUTbHLIMU, €CIIM MHOXKECTBA
WX pelIeHUu COBIAAAIOT.

OnemeHTapHble MpeoOpa30BaHUsS CHCTEMbl YpPaBHEHWH, IEpPEBOIAIINE
e B paBHOCWJIbHYIO CUCTEMY:

1) mepectaHOBKAa MECTaMH JIOOBIX JIBYX YPaBHEHHIA;

2) YMHOXEHHE OOCHMX dYacTeil JI000ro ypaBHEHHsS Ha YHCIO, OTIHYHOC
OT HYJIS;

3) npubaBieHre K O00CHM YacTsSM OJHOTO YPaBHEHHUS COOTBETCTBYIOIIMX
qyacTel APyroro, yYMHOKEHHBIX Ha OJJHO U TO K€ YHUCIIO.

Cucrema ypaBHEHHMH Ha3bIBaeTCI HeoOHOpooHou, ecnmu  B#0, w

oonopoonou, ecmu B = 0.

Cucrema ypaBHEHHM Ha3bIBACTCS ONPeOeléHHOU, €CIIM OHa HMEET
CAMHCTBEHHOE pEIICHUE, U HeonpeoeréHHol, €Cli OHa HMeeT OECKOHEUHOe
MHOKECTBO PEIICHUH.

HccnenoBanre CHUCTEMBI YpPaBHEHUHM Ha COBMECTHOCTh OCHOBAaHO Ha
CIEYIOIIEN TEOpEME:

Teopema Kponexkepa—Kanennu. J{ns toro, 4toObl cUCTEMa ypaBHEHHUI
C N HEW3BECTHHIMH ObLIAa COBMECTHA, HEOOXOJAMMO U JOCTAaTOYHO YTOOBI paHT
MaTpullbl CHUCTEMBI OBUI paBeH pPaHTy pACIIUPEHHOW MAaTPUIbl CUCTEMBI,
T.e.r(4)=r(4|B)=r.

[Ipu sToM:

1) ecu r = N, cuctema onpeeNeHa;

2) eciim r<n, cucteMa He orpeseseHa.

Paccmotpum cnenyromue Metonwsl pemienus CJIIAY: meron Kpawmepa,
MaTpu4HbIi Meto, metoa JKoprana—I aycca.

1. Memoo Kpamepa



[IpumensieTcs i peleHHsT HEOAHOPOAHBIX CHUCTEM N ypaBHEHUM C N
HEHU3BECTHBIMM, Y KOTOPBIX ONPEACIHUTENL OCHOBHOW MAaTPUIBl CUCTEMBI OTINYEH

oT HyJIs: A= |A| # 0.

Toma CUCTCMA NMCCT CIMHCTBCHHOC PCIIICHUC:

A A A
Xj_:_lle:_z,--'an:_nl (1.8)
A A A
rae Aj — OIpenenuTeNb, MOJYYEHHBIM U3 ONPEACIUTENS] CUCTEMBI A 3aMEHOU

I-ro cTOJIOIA MAaTPHUIIBI A CTOJIOIIOM CBOOOIHBIX WICHOB B,

2. Mampuunutit memoo

[Tpumensiercs mpu Tex ke ycioBusix, uro u meton Kpamepa. Cronben
HEU3BECTHBIX HAXOJuM, pemas MatpudHoe ypaBHenue (1.7). Ymuoxum (1.7)
CJI€BA HA MATPUILY A

AT AX=4"B.
ITo onpenenennio o6paTHo MaTpuibl A A= E, cliefoBaTeIbHO,
EX=A4"B.

YMHOKEHHE MaTpULlbl HA €IMHUYHYIO MaTPUIly HE MEHSIET MaTpPUILy, IOITOMY

EX=Xmn
X=4"B. (1.9)

Memoo I'aycca

[TpumensieTcs 11 peleHrs Kak HEOAHOPOIHBIX, TaK U OJJHOPOIAHBIX CUCTEM
C MIPOU3BOJILHBIM YMCIIOM YPABHEHHUM M U MPOU3BOJIbHBIM YHCIOM HEM3BECTHBIX N.
C nmoMouipl0 3JEMEHTapHbIX MpPeoOpa3oBaHUN CTPOK PACHIMPEHHOW MATPHUIIbI
cuctemsl (A4 |B) UCXOJIHYIO cucTteMy (4) mpeoOpa3yroT B PaBHOCHIIbHYIO, KOTOpas
MO3BOJISIET PEIIUTh BOMPOC O COBMECTHOCTH CHCTEMBI, U, €CJIU OHa COBMECTHA,
3anucarh e€ peuieHue. [IpeoOpazoBanust MpoOBOASTCS Tak, 4ToObl Marpuua (A4 ‘B)
npuoOpena TpPeyrojabHbI BUJ (3JIEMEHTHI, PACHOJIOKEHHbIE HIXKE TJABHOM
JIMaroHajii PaBHBI), MTOCJIE YEro, €CJIU, CUCTEMAa COBMECTHA, HAXOAAT €€ pellIeHne

WJIN JIeNa0T BBIBOJ O €€ HECOBMECTHOCTH.



3ameuanue 1. Eciu npu npeobpazoBaHusX MOSBISETCS CTPOKA, MOTHOCTHIO
COCTOSIILIAsl U3 HYJIEH, TO €€ MOXKHO OTOPOCHUTD.

3ameuanne 2. Ecium npum npeoOpa3oBaHMSX MOSBISETCS  CTPOKA,
COOTBETCTBYIOIAs IPOTUBOPEYNBOMY YPABHEHHIO BUA!

0x1+0x,+ ... +0-x,= D, rae b =0,

TO MPOIECC MPeoOpa3oBaHUM Ha 3TOM IMPEKpallaloT, TaK Kak CHCTeMa YpaBHEHUU

HECOBMECTHA.
2a —-3b ¢C 0 b
3aganme 1. Jlanbl MaTpuIbl A=|3a —6b 5¢| B=|2abc| C= ad ; j
5a —4b 2c 3abc e
-3 4 3 X,
D=1 2 0| X=[X]|
2 -5 -1 X,

IJIc 3HAUCHUS mapaMeTpoB cieayronmme a =1, b =1, ¢ =-1,d =4,

a) [TojcTaBUTh 3HAYCHUS MTapaMeTpoB a, b, ¢, d u 3amucaTh Matpuis! A, B, C.

0) Haiitu matpurer F = AD - DA; G = AB; R =C?+2C"-3c™: A™

B) Pemuth cuctemy ypaBHeHuid A-X=B Tpemsi METOJaMU:

no ¢popmynam Kpamepa; marpuunbsiM MeToaoM; MeroaoM ["aycca.
Pewienue.

a) HOI[CTaBI/IM SHAYCHUS IMapaMETPOB U IIOJYYHM CICAYIONINC MAaTPHUIIbIL:

2 3 -1 0
1 2
A=|3 6 5| B=|-2| C-= .
4 -3
5 4 -2 -3

0) [ns HaxoxIeHHss MaTpullbl F BBIMOJHUM TOCJEIOBATEIBHO JEUCTBUS
YMHOKEHHUSI ¥ BBIuuTaHus1 MaTpuil o popmynam (1.2) u (1.1) cooTBeTCTBEHHO:

2 3 -1\(-3 4 3
A-D=|3 -6 -5[|1 2 0 |=

5 -4 —2)|2-5 -1
2.(=3)+(=3) 1+ (-1)-2 2-4+(=3)-2+(-1)-(=5) 2-3+(=3)-0+(=1)-(-1)
= 3-(=3)+(=6) -1+ (=5)-2 3-4+(=6)-2+(=5)-(-5) 3-3+(=6)-0+(=5)-(-1) |=
5.(=3)+ (—4) -1+ (=2)-2 5-4+(=4)-2+(=2)-(=5) 5-3+(=4)-0+(=2)-(-1)
11 7 7
=|-25 25 14|
—23 22 17




34 3)(2 -3 1
D-A=|1 2 0 [{3 -6 -5|=
2 -5 -1) (5 -4 -2
~3-2+4-3+3-5 (=3)-(=3)+4-(=6)+3-(-4)  (=3)-(-1) +4-(-5)+3-(-2)
=| 1.2+ 2-3+0-5 1-(-3)+2-(-6)+ 0-(-4) 1.(-)+ 2-(-5)+0:(-2) |=
2:2+(-9)-3+(-1)-5 2:(-3+(-9)-(-6)+(-D- (-4 2-(-D+(-9)-(-9)+(-D-(-2)
21 -27 -23
=| 8 -15 -11|
~16 28 25
11 7 7\ (21 -27 -23
~A-D-D-A=|-25 25 14 |-| 8 -15 -11|=
23 22 17) |-16 28 25
“11-21  7-(=27) 7-(-23) ~32 34 30
=| -25-8 25— (-15) 14-(-11) |=| -33 40 25
—23-(-16) 22-28 17-25 -7 -6 -8

T

Haitnem matpuiy G:
2 -3 -1)(0) (2:0+(=3)-(=2)+(-D-(=3)) (9
G=AB=|3 -6 -5||-2|=|3-0+(=6)-(-2)+(-5)-(-3) |=| 27 |.
5 -4 -2)(-3) (5:04+(-4)-(-2)+(-2)-(-3)) 14
Onpenenum A1 1o dopmyne (1.5). Beramcnum onpeaenutens MaTpUIbl A
o ¢opmyiie (1.4):
2 -3 -1
|Al=[3 -6 -5|=2
5 -4 2
=2(12-20) + 3(—6 + 25) —1(—-12 + 30) = 23.

‘—6 -5
+3

4 -2

3 -5 I3 -6
-1
5 -2

1
|A|:23¢O, CIIeIOBAaTEIbHO, MaTPUIlA CHCTEMBI HWMeEeT oOpaTHyo A -,

KoTopyto Haiaém mo dopmyne (1.5). Jns sToro BbMHCIUM anreOpandeckue

JOITIOJIHCHUA .

A, =D :2 :2‘=—8, Au:(—l)“zg :jz—lg, A13=(—1)1+32 j‘:l&
T e e e
O P N e B

Homyunm A



. -8 -2 9 -8/23 -2/23 9/23

A‘lzg -19 1 7 |=/-19/23 1/23 7/23 | (1.10)
18 -7 -3 18/23 -7/23 -3/23

Haiinem mMatpuiy R. Onpeneniv marpuiy C*:
Cl_C.Co 1 2 1 2) (11+2-(-4) 1-2+2.(3) \ (-7 -4
- 4 -3)-4-3) |41+(3)-(-4) -4-2+(3)-(3)) (8 1)

Tparcnonupyem matpuny C:  C' = [1 -4 j

2 -3
¥ Haiiném mpomssenenue 2C: 2CT =2 1 -4 2 -8 ,
2 -3 4 -6
1 IR PP
Omnpenenum C - o popmyite (1.5): C :E(C ).

Boruucium onpeaenurens matpuiibl C o popmyre (1.3):

1 2

‘C‘:‘—4 -3

‘:1.(_3)_2.(_4):—3+8:5¢0.

1
CnenoBarenbHo, C~ cymectByeT. OmnpenenuMm aaredOpandeckue JTOMOJHEHUs
57eMeHTOB MaTpulpl C ¥ NpUcoeanHENHY0 Matpuly C

C,=-3C,=4 C;=-2; C, =1,
-2 1 4 1
C_l_l -3 -2 B -0,6 —-0,4)
5(4 1) 08 0,2)'

1
[IpoBepuM mpaBUIBHOCTh HaxoxaeHus C ~. JJg 3TOro MepeMHOXKUM

C*=(_3 4], TOr/Ia (C*)T:(_?’ _Zj M obparsas Marpuma C

MOJIYYEHHYIO MaTpHIly Ha JAaHHYl0 maTpuily C cieBa M cipaBa U yOeaumcs, 4TO
IIOJIy4aeTCs €AMHUYHASA MAaTpULIA:

cic (06 -04) 1 2) (-061+(-04)(-4) -0,62+(-04)(-3)_(10)
' _( 0,8 0,2][—4 —3]_( 0,81+0,2-(-4) 0,82+0,2:(-3) j_(o 1)’

cci 1 2)(06 -04)_( 1(-06)+208 1(-0,4)+20,2 ) (10
-4 -3)L 08 02) (-4:(-0,6)+(-3)08 —4-(-04)+(-3)0,2) (01
Marpuna C ! oIpeneiCHa IpaBUIbHO.

j.

Haitnem npousBeaenre matpuibl C ' ha 3:



-1 _016 _014 _1,8 _1,2
3C =3 = :
08 02 2,4 0,6
OKOHYATENBHO MOIYYUM:
s o oy (T —4) (2 -8) (-18 -12
R=C*+2C' -3C*"= + - =
8 1 4 -6 2,4 0,6
(-7+2-(-18) -4-8-(-12)) (-32 -108
'\ 8+4-24 1-6-06 ) | 96 -56)
B) CucremMy JnHMHEHHBIX anreOpandyeckux ypaBHeHUM A-X = B 3anumem B
KOOPJIMHATHOH (hopMme:
2X, 3%, X% =0,
3%, —6X, -5X,=-2,
oX, —4X, —2X,=-3.
Pewum cucmemy no popmynam Kpamepa.
Onpenenurens CUCTEMBI A:|A|:23 BBIUKCIIUIM B IIyHKTe O) Impu
HaX0XJI€HUU OOpaTHON MaTpUIbL.
Tak kak A#0, cucrtema uMeeT eIMHCTBEHHOE PEIICHUE, KOTOPOES HAXOIUM

o ¢popmynam Kpamepa (1.8):

0 -3 -1 ) &
A =2 -6 -5=3 -1 =3(4-15)-1(8-18) = -23;
3 -2 -3 -4
3 -4 -2
2 0 -1
2 -5 |3 -
A,=|3 -2 -5/=2 1 =2(4-15) -1(-9+10) = -23;
3 -2 |5 -3
5 -3 -2
2 3 0
6 -2 I3 -
A=[3 -6 —2|=2 +3 ‘=2(18—8)+3(—9+10):23.
4 -3 5 -3
5 -4 -3
A A A
Urtak, x, =—Lt=-1, x,=—2=-1 x,=—2=1.
% A 2A A

Crenaem mpoBEPKY, MOJCTABUB HANJICHHBIC 3HAUEHUS X1, X2, X3 B UCXOJIHYIO
CUCTEMY, U yOeIUMCS, 9TO BCE TPU YpPaBHEHHs JAHHOW CHUCTEMBI OOpAaIIaroOTCs B

TOXIECTBA:



2:(-1)-3(-1)-1=-2+3-1=0; 0=0:
3(-1)—-6(-1)-51=3+6-5=-2; ] p—_»
5(-1)—4(-1)-21=-5+4-2=-3; |-3=-3.
Omeem: x1=-1, xo,=-1, x3=1.
Pewium cucmemy mampuuHovim Memooom.

B nynkre 6) Hanum o6paTtHyro Matpuity (1.10)

-8 -2 9
A‘lzi -19 1 7|
23
18 -7 -3
[To popmyine (1.9) umeem:
X, 8 -2 9)O0 8.0 -2-(=2) +9-(-3)
X =| X, =A1.|3:2i3 19 01 7 |-2(=L-19.0 +1-(=2) +7-(=3) |=
X, 18 -7 -3)|-3 180 -7-(=2) -3-(=3)
-23 -1
S Y I
23 23 1

Omeem: x1=-1,x,=-1, x3=1.
Pewum cucmemy memooom I'aycca.
[IpeoOpa3oBaHusi pacUIMPEHHONM MAaTPUIBl CUCTEMBbl OPOPMHUM B BUJEC

TaOJIALIBI:

A/B > [Ipumeuanus

-3 -10 -2
6 5|2 ~10 BpiuremM u3 BTOPOM CTPOKM NEPBYKO M IIOMEHSEM ITH
CTPOKH MECTaAMH.

3 1o _2 Briurem U3 BTOpOW CTPOKM MEPBYIO, YMHOKEHHYIO Ha 2, a
U3 TPEThEN CTPOKU NEPBYIO, YMHOKEHHYIO Ha 5.

3 7|4 14 | momeHseM 3HAaKM OJIEMEHTOB TMOJNYYEHHOW TpEThe Ha
11 18!7 36 | MpoTHBOMONOKHBIE.

3 7|4 14 | TlomensieM BTOPYIO ¥ TPETHIO CTPOKY MECTAMH.
1109 20

2
3
5
1
2
5
1 3 4-2 8 | Brruren us TPeThEHl CTPOKM BTOPYIO, YMHOXCHHYIO Ha 4, 1
0
0
1
0
0




1 -3 -4|-2 -8

0 1 109 20 | BeruTeM 3 TpeTheH CTPOKU BTOPYIO, YMHOMKEHHYIO Ha 3.

0 3 7|4 14

1 3 4|2 | -8

0 1 10| 9 20 | PaznenuM TpeThio CTPOKY Ha (-23).

0 0 -23-23 | -46

1 -3 42 -8 [IpeoOpazoBanusi 3akoH4YeHbl. OYEBUIHO, YTO paHIH
0 1 109 20 | marpun 4, u A | B COBNAjaloT M PaBHEI 3, CIEJOBATEIHLHO
0o o0 1l1 2 | cucrema coBMecTHA M MMEET €IMHCTBEHHOE PEILEHHE.,

3ameyanue. Bo Bropom crosOue TaOauibl A KOHTPOJS 3aliCaHbl CyMMBbI
CTPOK MaTpuilbl A4 | B, ¢ KOTOpbIMH NpOMU3BOAMM T€ XK€ IMpPeoOpa3oBaHUs, YTO U C
3JIEMEHTaMHU MaTPHIIbI, €CJIM Ha KaKOM-TO I1are npeoOpa3oBaHUil 3JIEMEHT BTOPOTo CTONIONA
He Oy/eT paBeH CyMMe JIEMEHTOB COOTBETCTBYIOIICH CTPOKH MAaTpPHUIlhl 4 ‘ B, To nonymena

omnOKa Ipy MpeoOpa30BaHUU TAHHON CTPOKH.

WUrak, HaWOgEM  pemieHne  cuctembl. (CucreMa  ypaBHEHUM — TOCIHE

npeoOpa3zoBaHUil Tiepelilia B PABHOCHIIbHYIO €l CHCTEMY:

X, —3X, —4X,=-2, X, =—2 43X, + 4X;,, X, =-1,
X, +10%,=9,= {x,=9-10x,, =X, =-1,
X, =1. X, =—1. X, =1.

OTMeTHM, YTO PEIICHHs CHCTEMBI, MTOJYYCHHBIC B MIYHKTaX ), 6) U 8), KaK U
CJIEZIOBAJIO OXKUJ1aTh, COBIAIAIOT.
Omeem: x1=-1,x,=-1, x3=1.
2. DJieMeHThI BEeKTOPHO# airedpnl B R3
TpexmepHOoe BEKTOpPHOE MPOCTPaHCTBO Rz ecTh uacTHBIA chnydail R, mpu
n = 3. JlekapToB MpsIMOYToJibHBIA 0a3uc B Rz 00pa3yroT Tpu €IMHUYHBIX, B3AUMHO

NEPNEHANKYISIPHBIX BEKTOPA

i=8=(0,0),
1=8=(010),
k =€,=(0,0,0)

CoBOKyNHOCTh Hauana KoopauHaT (Touku O) W JAeKapTOBa MPSMOYTOJHLHOTO

0a3rca Ha3bIBACTCS IEKAPTOBOU MPSAMOYTOIBHON cucTemMoi koopauHat OXYZ.



CornmacHo dopmyne (9) moboit BekTop @ B Rz MOXHO pa3iokKuTh

¢IMHCTBCHHBIM 00pa3oM 110 1, J,K, T. e. mpeacTaBuTh B BUJC:

a=ai+a,j +ak,
r7e a,— KoopAuHarta BekTopa 1o ocu OX;

@, — KoopauHaTa Bekropa 1o ocu OY,

a, — KoopJuHata BekTopa 1o ocu OZ.

Hapsny ¢ aHamuTMyecKnM 3aJaHUEM BEKTOpA KAK YNOPSAOYEHHOM TPOWKH
yrcelnl B R3 paccMaTprBalOT BEKTOp Kak HapaBlIeHHBIA OTPE30K, UMEIOIINI Havaso
u KoHell. KoHel BekTopa oTMe4aeTcsi CTPesIKOM.

B a=AB
A — Hayvano BEKTopa,

B — konern BekTopa.

JnuHa otpeska AB Ha3bIBaeTCs MoOdyiem gekmopa u 0003HAYaeTCst |§ | W ‘AB‘ :

Ecnn m3BecTHBI KOOp/MHATBI BekTopa @ =(a,, d,, @,), TO MOAYJb BEKTOpa
BBIYUCIISIETCS 110 (hopMmyJIe:

EFJ&+£+£. (2.1)

Paouycom-6exmopom mouku 6 Oexkapmosoil NpAMOY20IbHOU Cucmeme

Koopdunam HA3bIBACTCA BCKTOP, HAYAJIO KOTOPOIro paciiojJdOKCHO B HA4alc

KOOPAMHAT, a KOHEIl B TAaHHOM TOUKe A, T. €. BeKTop OA.

Koopaunatamu Toukn A Ha3bIBAIOTCA KOOPAMHATHI €€ paanyca-BEKTOpa.
Ecn OA=a,i +a,] +a,k, 1o (a,, a,, &,) KoOpAUHATEI TOUKH A.
IIycte BekTOp Q@ = AB, npu4éM 3a/laHbl KOOpAWHATBI TOYeK A u B
A(a,, a,,a,) u B(b,,b,b,). Torna xoopaunarer BekTOpa AB  paBHBI PasHOCTH
OJIHOMMEHHBIX KOOPJAMHAT KOHIIA U Havyajia:
AB=(b,—a,, b —a,b -a,) (2.2)

N3 (2.1) u (2.2) cnenyet hopmyrna i pacCTOSTHUS MEXKTY ABYMsI TOUKaMu A 1 B:



AB:\E\:\/(bX—aX)Z+(by—ay)2+(bz “a). 2.3)

Cranspuvim npoussederuem BEKTOpoB a W Db Has3pIBaeTCs 4ucio (cKaisp),

o0o3HaYaeMoe (é,b), paBHOE TMPOU3BEACHUIO MOJYJEH BEKTOPOB Ha KOCHUHYC

yIja MEeXIAy HUMU:
(a,b)=[allb|cose, (2.4)
1€ () — yroj MeXJy BEKTOpaMu a b.

B nmekaptoBoii = mpsAMOYrOJIbHOM  CHUCTEME KOOPAMHAT  CKAaJISPHOE

IIPOU3BENIEHUE BEKTOPOB BBIUUCIISIETCA 11O POpMYJIE:
(a.b)=ab +ab, +ab, (2.5)

(a,, a,, a,) — KOOpJMHATHI BEKTOpa & ;

(b, by, b,) — KoopauHaTHI BEeKTOpa b.

N3 (2.4) u (2.5) nonyuyaerca (opmyna Ajid BBIYMCICHHS KOCHHYcCa yria
MEXTy IBYMSI BEKTOPAMH:

( , ) a,b, +a,b, +a,b,

alp] JaZ+aZ+a?[b? +bZ+b?

Bektopel @ u b wmHaswBaroTcs opmozonanvhuimu (0603Hauarorcs a 1 b),

Q|
o

CoSQp = (2.6)

Q|

€CIM Yrojl ¢ MEXAy HUMH paBeH nOpsMoMmy, T. €. CO0Se = 0. VYcnoBue

OPTOIrOHAJIBHOCTHU BCKTOPOB!:

ab, +ab, +ab, =0. (2.7)

YnopsinoyeHHast Tpoiika BektopoB a,b,C HaseiBaeTcs npasoi, eciu

M3 KOHIIAa TPEThEro BEKTOpa C KpaTyaWlIui MOBOPOT OT IMEPBOr0 BEKTOpa a

KO BTOpPOMY b BUJCH IMPOUCXOIAAIIUM IIPOTHB 4acoBOH CTPCJIIKKM MW HA3bIBACTCA

J1e601, €CIIA TAaKOW MTOBOPOT MPOUCXOIUT IO YACOBOM CTPEIKE.

Bexmopnvim npoussedenuem BekTOpa @ Ha BEKTOpP D Ha3bIBaeTCs BEKTOP

Ez[é, 5], TaKoOH 4TO:

1clacl 5, T. €. C NEPNEHINKYISPEH IUIOCKOCTH BEKTOPOB a U 5;



2) HampagJeH Tak, 4To Tpoiika a, b, T — npasasi;

3) Moaynb BekTOpa C paBeH IUIONIAIM MapajiesorpaMmma, IoOCTPOSHHOTo Ha

BekTOopax a u b, kak Ha cTopoHax, T. e.

[c|=5, =|a|jb|sine. (2.8)

Ecmm a=(a,a,a,), Ez(bx, by, b,), TO ST BEKTOPHOTrO HPOHM3BEACHUS

crpaBeiuBa Gpopmya:

i J k
(ab]=[a, a a, (2.9)
b, b, b,

Cmewannbim npouzeedeHuem YnopsaooueHHoU mpouku eexkmopos a,0b,T

Has3bIBacTCs yncio (ob6o3navaemoe (&, b, T)), paBHOE CKaIsAPHOMY MIPOU3BEICHHUIO

BCKTOPHOI'O ITPOU3BCACHU: IICPBLIX ABYX BCKTOPOB HaA TpeTHﬁ:
([a.b].c)=(ab.c)
CMerraHHOE TIPOU3BEICHIE BEKTOPOB 0 aOCOIOTHOW BEJTMIUHE PABHO 00BEMY

napaJuICJICIIUIICIa Vnap , IOCTPOCHHOI'O Ha 3THUX BCKTOpPAX KaK HAa CTOPOHAX, T. €.
Vv =\(a, b, E)‘. (2.10)

nap

Ecm a=(a,a,a,), b =(b,, by, b,), c=(c, Cyy c,), TO CIpaBelINBa

dbopmyna:
a, a, a,
(a.b,c)=|b, b, b, (2.11)
¢, C, ¢,

Bekrtopel @ u b HaszbBaroTcs komiuneapHvivmu, €CIA OHH JIEKAT HA OTHON
WK TapaJICIbHBIX MPSAMBIX. Y CIIOBHE KOJTHHEAPHOCTH BEKTOPOB & U b :
1) B BexTOpHO# opme b =Aa, rae A — ckamsp;

b
2) B KOOpIMHATHOM (opMme b B b A. (2.12)
a a a



Bektopsl @, b, T Ha3bIBAIOTCS KOMMAGHAPHLIMU, S€CIIA OHH JIEXKAT B OJIHOM
NJiIn HapaJ'IJIQJ'II)HBIX ITJIOCKOCTHIX. YCJIOBHC KOMHHaHapHOCTI/I TpéX BCKTOpOB
a,b,c:

1) B BekTopHOIt opme: T =Aa +pb, roe A, p — gncia;

a, a, a,
2) B KOOpJMHATHOH (opMe: b, b, b,|=0. (22)
c, C, C

x GG
Ilpumep 2. Jlanpl KOOPIWHATHI BEPIIMH TPEYroJbHOW MHPAMUJBIL:
A;(-1,0,1),4,(2,3,1), 43 (0, -2, 2), 44 (1, -1, 5).
A(1,-1,5) TpeOyeTcs HallTH:
a) nnuHbl pédep 414, u A1A43;
0) yros mexny peopamu A4, u
A1A43;

B) IUTOINAb rpaHu A14,A43;

A ~ o P A, ) 00bEM TTupaMuibl A1A2A3 As.

Al2,3,1)

Puc. 1

a) Ucnons3yem dopmyisl (2.2) u (2.3).
OmnpenenyiM KOOPAUHATHI BEKTOPOB:

AA =(2—-(-1), 3-0,1-1)=(3, 3, 0),
AA =(0-(-1), —2-0, 2-1)=(L, -2, 1).

Pebpo AA, =[AA =3 +3" =0+9=18=3V2 ex,
AA =|AA|= 17 +(-2) +1* =\1+4+1=18 =6 en.

0) Yron mexny péopamu A4, u A1A3 paccMaTpuBaeM Kak Yrojl MEXIy

BEKTOpaMH E =3, 3 0)u E: @ -21.

[To hopmyrie (2.6) i KOCHHYCa yria MEX/Ty JIBYMsI BEKTOPaMH MOTYUHUM:




(AA AA) 31+3(-2)+04 3-6+0 -3 -3

TIARAA] T 2B 3z 6B 23

co

3
@ =T —arccos—.

243

B) I'panp A;4,A3 €CThb TpEYroibHUK, MIOHIAb KOTOPOTO pPaBHA MOJIOBUHE

wiomanu mnapauenorpamma  A1A;AgAs, TOCTpoeHHOro Ha BekTopax AA,

U m ITo popmyne (2.8): S = ‘[E,E]‘

BeruucnuMm BektopHOe mpousBereHue Bekropos AA, u AA, mo ¢opmyne

(2.9):

i J k
ARAR ] é NI B T
’ _121_—21]11 1 -2

=(31-(-2)0)i —(31-10) j+(3:(—2) -13)k =3i—3j —9k.

S_ :‘[Eﬂ]‘ = /3 +(-3)* +(-9)° =/9+9+81=+/99 =311 ex’.

S _1s —3\/]1 en’
AAMA o H 2 ’
r) OO0bém TpeyronpbHOW mHpamuasl V paBen 1/6 o0BEma

Ip

napajuienenumena V, o, nocrpoeHHoro Ha Bekropax AA,, AA;, AA, kak Ha

CTOpOHax. M3 CBOMCTB CMEIAHHOTO TPOU3BEAECHHUS CICAYET, YTO:

Vi = ‘( AA, AA AA, )‘, Y CJIE€J0BATEIBHO,

1
Vi, =5 (AR AALAA,)
Onpenenum KOOpAUHATHI BEKTOpa

AA =(1-(-1),-1-0,5-1)=(2, -1 4).
ITo hopmyie (2.11) umeem



3 3 0

(AR AAAA)=L 2 1/=3
2 -1 4

=3(-8—(~=1)-3(4—2) +0=3(-7) - 32=—-27.

-2 1 1 1 1 -2
-3 +0
-1 4 2 4 2 -1

27 9 \
—=—=45ex".
6 2 8

3. DJjieMeHThl aHAJTUTHYECKO reoMeTpuu B R

1
Vnnp - 6‘—27‘ -

Hanpasnarowum eexmopom npsmoii Ha3pIBaeTCs J0O0M BEKTOp S,

JIekKAIMK Ha 9TOM NIPSMOM WJIM € MTapaJuleIbHOM U OTIIMYHBIN OT HyJIb-BEKTOPA, T.

/ Kanonuueckne  ypaBHEHUS  MPSMOi,

MPOXOJAIIEH 4Yepe3 MJaHHYy TO4YKy My ¢

M (X, Y, 2) JAaHHBIM HaIIpaBJIAIOIIUM BCKTOPOM S ,
UMECIOT BU/I:
M (Xo, Yo, Zo)
X—X — Z1—17
0 YV _2T5 (3.1)
m n p

rae (X, Y, Z) — KOOpAMWHAThI TeKyIIeld TOUYKH MpsMOH; (Xo, Yo, Zo) — KOOPAUHATHI
JaHHOW TOYKHM Ha mpsMoii; (M, N, P) — KOOPAMWHATHI HAIPABJISIOIIECTO BEKTOpa
MIPSIMOM.

Ecnu Ha npsMol 3amaHbl IBE TOYKH

Ml(Xl, V1, Zl) u Mg(Xz, Yo, 22), TO B Kaye€CTBC

M; (X2, V2, 25) HANPaBJISIONIETO BEKTOpPA MPSIMOW MOXKHO B3ATh

BekTop M, M, :

My (x4, y1, 2 - - _ _ _
b,y 22) S =MM, =(%—X, ¥, = Y. Z,—2).
PaccmarpriBast B KauecTBE TaHHOM TOUKHM TOUKY M) M UCHOJB3Ys YPABHEHHE

(3.1), mosyunm ypaBHEHHS IPSIMOH, IPOXOISIICH Yepe3 IBE JaHHbBIC TOUYKH:

X_X1: y_yl_z_zl (32)

=% Yo=Y 22_21.




[Tyctp npsmas |; umeer Hanpasisronwii Bektop S, = (M, N, p,) u npsmas I,
— HaIpaBIBIOIKH BekTop S, =(M,,Nn,, p,).
Yron ¢ mexay npsMmbiMu | u |, ompemensercs kak yrom MEXIy HX

HATPABIAIONMME BeKTopaMu S, 1 S, , o popmyite (2.6) momydaem:

(Sl’ 82) mm, +nn, + PP,

S Y Y R ol ey

I ||1,,ecmu S,||S,, T. e. Mo ycnoBHIo KomTHHEapHOCTH (2.12)

Kputepuii neprnenaukynsproctd npsameix |, L1, <=> S 1 S,. Toraa mo

YCJIOBUIO OPTOTOHATIBHOCTU BeKTOpoB (1.7) mm, +nn, + p,p, =0.

Hopmanvnvim BextopoMm mtockoctu (/1) HaszpiBaetcs mroboi Bektop N,

HCpHGHI{HKyanHBIﬁ K IINITIOCKOCTH u

4+ N=(AB,C) _
OTIWYHBIN  OT  Hynb-BekTopa: N L 717
u N 0.
M (x,y, z) v .
paBHEHHUE IUIOCKOCTH, IPOXOIALIEH
yepe3 JAaHHYI0 TOYKy My TIJIOCKOCTH |
¥Meroleil TaHHbI HopManbHbIi BekTop N,
I Mo (xo, Yo, Zo)
UMEET BUJL:
A(X_Xo)"' B(y—y0)+C(z—zo)=0, (3-3)

rae A, B, C — xoopauHaThl HOpMaIbHOTO BekTOpa N ;
Xo, Yo, Zo — KOOPJIMHATHI JAHHOW TOYKH IJIOCKOCTH;
X, Y, Z— KOOPJIMHATHI TEKYIIEH TOYKH MIOCKOCTH.
Ecnu B ypaBHeHuu (3.3) packpbITh CKOOKH, TO €70 MOKHO 3aIicaTh B BUJIC

Ax+By+Cz+D=0. (3.4)



VYpaBuenue (3.4)

Ms3 (X3, Y3, Z3)

) Ha3bIBACTCS oowUM
A

M (x,y, z) ypaesHeHUuem nioCKocmu.

Tpu Toukm Mi(Xy, Y1, Z1),
M; (X2, 2, 22) M(Xa, Y2, 22) 1 M3(X3, Y3, Z3) (He
1 (X1, ¥, 21) JeXKaIMe Ha OJHON TMPSMOM)

ONPENENAI0T MIOCKOCTh B Rj.
YpaBHeHUE TaKOW IUIOCKOCTH MOXHO TOJYYUTh M3 YCJIOBHS KOMILJIAHAPHOCTHU

(2.13) Tpéx BEKTOPOB:

MlM :(X_Xp Y—Yu 2_21)1
Mle = (Xz =X Yo=Y 4, - 21)’
M1M3 = (X3 =X Ys =Y 43— 21)’

X=X Y=Y -1
X, =% Y,—V, Z,—12,|=0. (3.5)
X3=X% Ys—=¥ 4374
3necy X, Y, Z— KOOpAUHATHI TEKYIIEH TOUKHU M,
X1, Y1, Z1 — KOOPJHUHATHI TAHHOWU TOYKH M7;
X2, Y2, Zo — KOOPJAUHATHI JAHHOU TOUKU My,
X3, Y3, Z3 — KOOPAWHATHI JAaHHOW TOYKHU M3.
[Iycte  miockocts Il 3amana  oOmum

Mo (xo, Yo, Zo)
ypaBHenueM AX+ By +Cz+ D =0.

Paccrosane ot  Toukum  My(Xo, VYo, Zo)
10 mwiockocTH I1 Beramcisercs mo Gopmysie:
d- |AX, + By, +Cz, + D
JA? + B? +C2

(3.6)

Yron MCXKIAY JABYMS IINIOCKOCTAMH, HOPMAJbHBIC BCKTOPbI KOTOPLIX

N, =(A,B,,C,)) u N,=(A,,B,,C,), Beruncnsercs no popmyie:

(N5,
]

Z|
Z|

CoS @ =

Zl
Z|

IN;



Kpurepnii napajieIbHOCTH IIIOCKOCTEN:
== B C
H1”H2<:> N1” N2! Qﬁ:_lz_l;
A’Z BZ CZ
Kpurepnii nepneHAuKyIsspHOCTH IIIIOCKOCTEN:
I, 11T, & N, LN, & 44,+BB,+CC,=0.

Yrom Mexay HOpAMOM M IUIOCKOCTBIO Y ONpENeNseTcss  Kak

JIOTIOJTHUTENIBHBIN K YTy (0 MEXK]Ty HalpaBJISIFOIIUM BEKTOPOM MPSIMOM $=(m.n,p)

N =(A,B,C),

0
U BEKTOPOM HOPMAJIA K IIJIOCKOCTH TakuM obpazom y=90"-¢ u

IMoJIiydacM:

(55

N
Sinw:coscp:—m. (3.7)

Ilpumep 2 (npooonsrcenue). Jlanbl KOOPAMHATHI BEPIIUH TPEYTOJIHHOM
MIAPaMU/TbI
Ay (1,0, 1), 4, (2, 3, 1), 43 (0, -2, 2), A4 (1, —1, 5). Ilponomkenue 3amaHus 5
MYHKTBI T—3.

TpeOyercs HalTH:

1) KAHOHMYECKUE ypaBHEHHs TpsiMoit |, mpoxosiieli uepe3 Touku Ay U Ay,

¢) ypaBHeHue mockoctu I, mpoxoasieit uepes3 Touku Ay, Az, v As;

) yroi Mexay npsimoii | u mmockoctsio I1;

3) BBICOTY TTUPAMUJIbI.

Pewenue:

1) Jns HaxoXJIeHWS KaHOHWYECKUX YpaBHEHHM MpsMor 4144 UCTIOIb3yeM
ypaBHeHue (3.2) npsiMoi, mpoxoasiel yepe3 aBe Touku A; (-1, 0,1) u 44 (1,-1,5):

A1Ay: x-()_ y=0 _z-1 I/IJII/IX—H-ZX:Z—_]-.
21 3-(-1) 1-5 1 4 -4

€) YpaBHEHHE IUIOCKOCTH A14,A3 TOIydYHM, HCHOJIb3ys YpaBHEHHE
wiockocty (3.5), mnpoxomsmiei uvepe3 Tpu gaHHble Touku A; (-1, 0, 1),
A2 (2, 3, 1), A3 (0, —2, 2)



x-(-1) y-0 z-1 X+1 y z-

2-(-1) 3-0 1-1{=0mm| 3 3 0 |=0.

0-(-1) -2-0 2-1 1 -2 1

PaCKJIaI[I)IBaSI OIIPCACIUTCIIb I10 3JICMCHTaM HGpBOﬁ CTPOKH, ITOJTYIHNM:

3 0

3 0 3 3
1 — —1 = 1)-3y-— -1)=0.
(X + )‘_2 1‘ y‘l 1‘+(z )‘1 _2‘ 0 =3(x+1)-3y-9(z-1) =0

Jlenum Bce 4iIeHbl ypaBHEHUS Ha 3 ¥ pacKpbIBa€M CKOOKH:
X+1-y—-3z+3=0.

OKOHUAaTeNbHO YpaBHEHHE MIIOCKOCTH A14243 UMEET BU:

X—y—-3z+4=0.

K) Yron mexay mnpsmoi | m mmockocteio I Haiiném mo dgopmyne (3.7).

x+1 y z-1
VYpaBHeHue npsMoi | momydeHo B MyHKTE 1) U UMEET BHJ] —— = — = ——,
1 4 4
KOOpI[I/IHaTBI HampaBJIIOMIETO BCEKTOpPa — OTO 4YHCIa B 3HAMCHATCIIAX,

ciefoBaTenbHO: S =(1,4,~4). YpaBHenue miockoctd I mojiydeHo B MyHKTE €) U

umeer Bug X—Yy—3z+4=0. CnenoBareabHO, HOPMAJIbHBIA BEKTOP IUIOCKOCTHU

N wuMeeT KoopauHATHI paBHBIC Ko3(duiMeHTaM TpH X, )y, Z B YpPaBHCHUHU
mwiockocTd, T. e. N = 14,-1,-3).
Hcnonwszyem popmyny (3.7):

11+ 4-(-1) — 4-(-3) 9

9
JET 4 (47 (D)P+ (3 VBAL 11J_ 13’

3) Beicoty nupamu bl (0Tpe3ok 4445 (puc. 1)) MOKHO ONIPEACIIUTH KaK PaCCTOSTHUE

siny = =y =arcsin

touku A4 (1, —1, 5) go mnockoctu 414,43 110 hopmyie (3.6).
A1A5A3. X—y—-32+4=0.

Touka 44 (1, -1, 5).
B ypaBHEHHE IIOCKOCTH BMECTO X, V, Z TOJCTaBUM KOOPAWHATBHI A4 U

HOAETINM | N1| :

_ P-(-0)-35+4] [+1-15+4] |9 _

h= =
AR JP + (1) +(=3)? NN \/_




4. TlpousBoaHast PyHKIUH U €€ NPHJIOKEHUS

Ilpouseoonou  ¢pynkyuu Y= f(X) Ha3pBaeTcs KOHEYHBIA TIpenen
orHomenuss mnpupamienus Qyakaun  Af = f (X +Ax)— f(X) k npupamenuto

HE3aBUCUMOU HepeMeHHOﬁ AX IIpu CTPEMIICHHUU ITOCJICAHCTO K HYJIIO!

y = = lim &Y - jim TXTA0 = 1),

MXx—0 AX  Ax—0 AX (4 ' 1)

Ecin ¢ynkums B Touke xo (WM Ha TPOMEXYTKe X) MMEET KOHEUYHYIO
MIPOU3BOJIHYI0, TO (DYHKITHS Ha3bIBACTCS oughepenyupyemoii 8 amoti mouxe (WA
Ha MPOMEXKYTKE X).

[Iporiecc oThICKaHUS MPOU3BOJHON Ha3bIBACTCS OughgepenHyuposanuem.
[lpaBmina  muddepeHurpoBanuss ©  TabIUMIA  OPOU3BOJHBIX  OCHOBHBIX
AJIeMEHTapHbIX PYHKIMI npecTaBiieHsl B [Ipunoxenun 1.

I'eomeTpuyecKnii CMBICJ MPOU3BOTHOM.

A =10 1 Ecnu  kpusas 3anana ypasuenuem Y= f(X),

10 f'(X,) =tgo.— yrioBoit kKo3dpuIenT KacaTenbHON

f(x) .(%,Y,) Krpaduxy dynximn B 310if Touke (K =tgo = f'(x,)).

VYpaBHeHHe KacaTelibHOM Kk KpuBor Y= f(X)

N

B TOUKE Xq (psimast MyT) umeeT BUA:

o

»X

y= 1:(Xo)"‘ f,(Xo)(X_Xo)v (4.2)
a ypaBHenue Hopmanu (MyN):

1
F(%)

MexaHUYeCKH CMbICJ NMPOU3BOAHOM. Eciin TOuka ABUKETCS MO 3aKOHY

y= f(Xo)_ (X_Xo)- (4-3)

S=s(t), rme S — myTh, t — Bpems, To S ‘() mpeacraBisieT CKOPOCTh JBUKCHHUS
TOYKH B MOMEHT BpemeHnu t, T. e. S () =V(t).
HNuddepennman mepBoro mnopsaka ¢yHknun Y =Yy(X) onpenenseTcs

bopmyIioi:

dy = y'(x)dx, (4.4)



T. €. quddepeniman GyHKIIMN paBeH MPOU3BEIACHUIO TPOWU3BOIHON OT (PYHKIIUU

Ha auddepenman He3aBUCUMON niepeMeHHoi. 13 dhopmynbl (4.4) BbITEKaeT elie

dy

onHa (hopma 3arrcy TPOU3BOTHON B BHJIC A
X

IIpouzeoonoii N-20 nopsidoka Ha3bIBAECTCS MPOU3BOAHASL OT MPOU3BOAHOM (N—
1)-ro  mopsinka.  I[lpow3BoaHbIE  BBICHIMX  THOPSAKOB  BBIYMCISIOTCS

nocyienoBaTeabHbIM  AuddepeHupoBanreM gaHHoW ¢yHkuud. Hampuwmep,

d’y

pou3BoaHas Broporo nopsaka Y' =(y')" wiu P
X
3ananue 3.
3.1. Haittu npousBoHbie 1-ro nopsiaka GyHKIMH @), 6), 8), U 2);
3.2. Haiitu npoun3BoiHY10 2-T0 mopsaka GyHKIUH a)
3.3. 3amnucarb nn(l)(bepeﬂumaﬂ NEPBOro MOpsIKa (byHKuHH a)

a) y=3x +\/_ 5, 0) s= (e' —2Int)sint; ) u= ctg 1) Z arctgzzt.
1+ 4t
Pewienue.
3.1 a) Ucnonwzys mpasuna |, 11l u ¢popmyny 3 Tabmuiel mpoM3BOAHBIX,
HOJTyYUM:

y = (3x° + %/x_2 — 41X =3(X°) + (x2’3)’ —4(x Y =
=35x* + 2y X - 12

3 x

0) Ucnonwiys npaBuna auddepenimpoBanus npousBeneHus ¢yHkuuid 1,
pasnoctu |, bopmynet 5, 7, 8 (Ilpun.1) u yuuThiBasi, 4TO HE3aBUCUMAs TIEPEMEHHAS
ecth i, T. . t'=1, momyumum:

s=[(e' - 2Int)sint] = (e' — 2Int)'sint + (e' — 2Int)(sint)' =

(") —2(Int))sint + (e' —2Int)cost = (et —%)sint +(e' —2Int)cost.

6) CnoxHasi cremneHHass (yHKIMS, He3aBUCHMMAas TEpeMEHHash ecTh V,

T. €. V'=1; ucnions3ys dopmynst 3, 11 u 2 (ITpun.1) nomyunm:



1 thg! cos!

=20tg! -3 :——3:—E 3
3| sin2Y 3sin2Y  3gin3Y

3 3 3

2) Ucnomwssys mpaBuna auddepenimpoanus vactHoro 1V, cymmsr |, il

u hopmynet 3 u 14 (ITpun.1), yautsiBad, uro t'=1, momyunm:

, (arctg2t '_ (arctg2t)'(1+ 4t*) — (arctg2t)(1+ 4t%)"
(1+4t2j - (1+ 4t2)? -
(2t)
_1+4t7

2
(L+4t7) —arctg2t(0+4-20) 5 _ gy arergot
(1+4t2)2 (1+ 4t2)2

3.2 B mynkre 3.1 @) Hanwim npou3BOJIHYIO 1-r0 mopsiaKa JaHHON PYHKIUU:

y' =15x* +§x‘1’3 +12x7*
Haiiném npoussoanyro Broporo nopsaka Y =(y')':

yﬂ:(15X4 +§X1/3 +12X4j :15(X4)!+§(Xl/3)!+12(x4)’:

:15-4x3+3.(—1jx-‘“3+12(—4x—5)=60x3— 2 —6—8.
3 3 9x§/7 X

3.3 3anmmem muddepernman pyakiuu a). Cormacao hopmyie (5.4) momydnM:

4 2 12
dy=3x°+3¥x? ——)dx = dy=@15x*+ +=2)dx.
y=( Xg) y=( 37X X4)

Hcrionp30Bany pe3yibTaT HaXO0XKJACHHS TPOU3BOAHON (PYHKIIUU @) B TTyHKTE

3.1

3aoanue 4. CoCTaBUTh YpaBHEHHUE KacaTelIbHOM W HOpPMad K KpUBOM

y =+ X* — 3 B TOUKe ¢ abCIICCOl X=2.

Hcnonb3yem ypaBHeHHUS KacaTenbHO#H (4.2) u Hopmanu (4.3):



1) y(x%,)=y(2)=v2*-3=1,
2) y(x) = (¢ ~3)"2) = %(xz 3 2(x* - 3) = %(xz ~3) 72x=

X .
I -3

=2.

2
y'(%)=Yy'(2)=
o \V2? -3
[MoacraBum Xy, Y(X,), Y'(X,) B ypaBHeHus u momyunm: Y =1+ 2(X — 2),

i 2X — Y —3=0 — ypaBHEHHE KacaTeIbHOM.
1
y=1- E(X —2), unmn X+ 2y —4=0— ypaBHEHHE HOPMAJIH.

5. Kparkmue cBeieHMsl U3 TeOPUH NpeaesioB QyHKIHT

Yucno A HaseBaloT npederom @yuxyuu f(X) mpu X—>X, (M mumyt

lim f(x)=A), ecmu misa moboro €>0 Haiigercs uucio O >0, 3aBHcsIce OT &,
X—>Xp

Takoe, 4YTO JUII BCEX X#X;, YAOBJICTBOPSIOIIMX YCIOBHIO |X — X0| <9,
BBIMOJIHSACTCS HEPABEHCTBO | f(x)— A| <E.
Gynakuus o(X) HazwBaetcs Oeckoneuno manou (0.m.p.) mpu X —> X, (
X — o0), ecmu lim a(x) =0 ( limou(x) = o).
X%, X300

@Oynkuus f(X) HazpBaercs Oeckoneuno Oonvuwou (0.6.9.) mpu X — X, (
X — ), ecnu s moooro M>0 Haiinércs unciao O >0, 3aBucsiee ot M, Takoe,

4TO IJsl BCEX X # X;, YHOBJICTBOPSIOIIUX YCIOBHUIO |X—XO|<8, Oyner BepHO

HEPaBCHCTBO ‘f (X)‘ >M ( lim f(x)= oo).
X—>Xg

Ecmm ou(X) ect 6. M.¢. ipu X —> X, (W X — 00), To ¢pyHkuus f(X) = 1

o(X)

sBysiercst 0. 0., u oOparHo, eciu f(X) 6.6.¢. mpu X — X, To o(X) = SIBJISICTCS

f(x)

0.m.0.



Ecmn a(X) u B(X) 6.M.¢p. mpu X — X, (X —>0), TO YTOOBI CPAaBHUTH UX,

. o(X)
HY’KHO BBIYHCIIUTD TIpeae ux otHorrerus. [ycte  lim——==k. Torua:

=i BX)
npu K =0 o(X) Ha3piBaeTcs 0.M. O0JIe€ BEICOKOTO MTOPSIKAa MAIOCTH, 4eM [3(X) ;
npu 0<k <o a(X) u B(X) ogHOrO MOPSIIKA MAIOCTH;
npu K =00 o(X) OGosee HU3KOTO MOpsiaKa MAIOCTH, yeM B(X) .
Ecmu k=1, to 6.m.p. a(X) u PB(X) Ha3BIBAIOTCSA IKEUBALCHMHBIMU
a(x) ~ B(x).
[Ipenen oTHomeHHs IBYX O.M.). HE HM3MEHHUTCA, €CIM Kaxayro O.M.d.

3aMCHUTH Ha 3KBUBAJICHTHYIO.
[Tpumepb! SkBUBaJIEHTHBIX 0.M.¢. ipu o(X) — 0
o(X) ~ sinau(x) ~ tga(Xx) ~arcsin a(x) ~
~arctgo(x) ~ e*® —1~a*“® —1~Ina~In(L+ a(X)).
Teopemsl 0 npenenax:

1. limc=c (c=const).

2. Ecmu lim f(x)=A, limop(x)=B, to:

X—>Xg X—>Xg
lim(f(x)xo(x))=Ilim f(x) £ lime(x) = A+ B;
X—Xg X—Xg X—Xg
lim(f (x)-p(x)) = lim f(x)-lime(x) = A-B;

X—Xg X—Xg X—>Xg

lim f
|imf(x)=xl?r2 (X):—A, (B =0).
=0 (x)  lime(x) B

. . .. sinx
Ilepswiil 3ameuamenvusiii npeden. lim——=1.
x=>0 X

Bmopoti 3amewamenvhwiii npeden (uncio e =2,718...):

lim(1+1/x)* =e wm lim(1+y)"’ =e.

X—>0 y—0

YroObl HaWTH mpeaen sneMeHTapHoi ¢yukipn lim f (X), Hy)kHO npenenbHOe
X—>Xg

3HAUCHHUC aprymMcHTa IOJACTAaBUTL B (1JYHKI_[I/IIO U I1OCYUMUTATD. HpI/I 9TOM, €CJIN X=X



NPUHAIKUT 00JacTU ompeneneHuss (QYHKIUH, TO 3HAUYeHHE Mpenena Oyaer
HalJICHO, OHO PaBHO 3HAYEHUIO (DYHKIIMU B TOUKE X=Xg. [Ipy BbIUMCICHNH TIPEIETIOB

TMIOJIE3HO MCIIONB30BaTh Cleayrole cooTHomenus. Ecim ¢ =const, ¢#0, C# oo,

TO, YUHTHIBAs CBOMCTBA 0.0. 1 6.M. QYHKIIUHN, TOTYIUM:

0 c 00 o %
— >0, = > ——>w; cw—>00,c0—->0; a*—>0,ecim0<a<la” — o, ecmm a>1.

C 0 C
Cnyqan, B KOTOpBIX IIOACTAHOBKA HpCI[CJ'IBHOFO 3HAUCHUA aprMeHTa
B (GYHKIHWIO HE JaeT 3HAYCHHs TMpefeiia, Ha3bIBAIOT HEOMPEICICHHOCTIMU;

K HUM OTHOCHATCA HeOHpeHGHGHHOCTI/I BHUIOOB:
0 0 "
(—j; (—j; (0-0); (00 —o0); (17); (°); (0°).
o0 0

YcerpaHuTh HEONMPEACTICHHOCTh MOXHO C TOMOIIBIO  anredpandecKkux

Hp606pa30BaHHﬁ HJIA UCITIOJIB3Y: IIPAaBUIIO Jlonurans.

0 o0

Ilpasuno Jlonumansa. llpenen oTHOIIEHUS ABYX O.M. (6 wim 6.0. | —

0

GbyHKUMIA paBeH TMpefeiny OTHOIICHHS HX TMPOU3BOJHBIX (KOHEUHOMY WIIU

OECKOHEYHOMY), €CJIU TIOCIEIHUMN CYIIECTBYET:

lim -+ _ i £ (5.1)
=% @(X) % @'(X)

YroOsl  wucnmonp3oBaTh  npaBwio  Jlomurtans sl pacKpbITUSA

HEONPeeAEHHOCTEW IPYrUX THUIIOB, BBIPAKEHUE TOJI 3HAKOM TMpejena Claeayer
npeo0pa3oBaTh  DJIEMEHTAPHBIMU  CIIOCOOAMHM  TaK,  YTOObI  MOJYYUTh

0 00
HEOIPEAECIEHHOCTh 0 WIN | — | ¥ 3aTeM UCTOJb30BaTh hopmyny (5.1).
o0

3amanue S. Haiitu npenensl, ucnonb3dys npaBwio Jlonuransa wim

AJIEMEHTApPHBIE CIIOCOOBI PACKPBITHS HEOMPEACIEHHOCTEH:

3 _ 2 —
2) Ilm4x J2r2x 3; lim 2)(2 +15x+7; . Iim2 \/4+x.
o X2+ 6 x>7 x* +5x-14 =0 195X
Pewenue.

a) IloacTaBisst B GyHKIIMIO BMECTO X MPEIEIbHOE 3HAUCHHUE 00, OTIPEACIIUM

npeacia YuCanTCIIsI 1 3HaMCHATCIIA.



Iim(4x3+2x—3):Iimx3(4+%—%j:oo-4=oo, Lk 20, > 0.
X—0 X—»00 X X X X

Amnanormano: lim(x* +6) = oo,

X—>0

o0
Nmeem HCOIIPCACICHHOCTDb B 1A (—

) . Ucnonb3yewm nipasuiio Jlonurais:
0.0]

AP +2x-3 . (X +2x-3) . 12x°+2 (oo
lim————=Iim ————=lim————=| — |=
X—0 X +6 X—0 (X +6) X—>0 2X 00
2 i
im3ZX D iy 22X imtox = o
X—>0 (2)()’ x>0 2 X—>0
2 2
6) lim 2)(2 +15X+7:Iim 2( 7)2 +15( 7)+7:(9):
o7 X2 +5x—14 x>7 (—7)2+5(-7)—-14 (0

_im (2x2 +15x +7)’ _qim2X+15 . 4(-7)+15 13 13
ball (x> +5x—14) =7 2x+5 7 2(-7)+5 -9 9

6) lim2=Y4+X i 2=v4+0 :(9) _im 8N4+ x)
0 x—0

x>0 tg5X x>0 1g(5-0) (tg5x)’
1 12
—Iim_2(4+X) _lim =08 ?BX .. o —C0s (50) -1
x>0 5 x>0 10\/4+x o 10440
cos”5x
3ameuanue. Ecnm, npumenuB mpaBwio JlonuTans, CHOBA NONYYHIIH
HEOIIPEACIEHHOCTh (6) I (fj, TO CHOBa MPUMEHSEM MNPABUIIO 0 TE€X MOD,
0

MOKa HEONPEIEIEHHOCTh HE OyIET pacKphITa.

6. HccaenoBanue pyHkumii u nmocrpoenue rpapukon

[TpuBeném oO1IyIO CXeMy UCCIeA0BaHUS U OCTPOCHUS Tpaduka PyHKIUH.

1. Oo6aactp_onpeneaenuss GyHkmuu (0.0.¢.). Ooaacmoio onpedenenus D(Ff)

@ynxyuu Yy = f(X) Ha3pIBacTCS MHOXKECTBO Beex X € X Takux, uTo BeIpaskenue f(X)
UMEET CMBICH, T. €. B3sB Jr00oe Xe X u moxacraBuB B f(X) MoxkHO HaiiTh
cooTBeTCTBYMOMIEee 3HaueHue Gynkiun f(X).

2. ObuacTb _HenpepbiBHOCTH _(yHkiuu. Dynkius Y= f(X) HaspBaetcs

HenpepvieHOll 8 MOYKe Xg, €Cli OHa: 1) ompeneneHa B TOYKE Xg; 2) HMEET

KOHEYHBIHN Ipesen npu X —> X;; 3) 3TOT Ipeaen paBeH 3Ha4eHUI0 (PyHKIUU B 3TON



touke |im f(X)= f(x,). PyHKuus Ha3bIBacTCAd HENPEPHIBHOII Ha HEKOTOPOM
X—>Xg

MPOMEXKYTKE X, €CIM OHA HEeTpephIBHA B KAXKJ0M TOUKE 3TOr0 MPOMEXyTKa. Touka
Xo HA3bIBAETCS TOYKOW pa3pbiBa GYHKIIMU, €CIIU B 3TOM TOYKE HE BBITIOJHEHO XOTS
Obl omHO U3 ycioBuil 1—3 HenpepbiBHOCTH (yHKIMU. Bce snemeHTapHbIE
(GyHKIHUU HETIPEPHIBHBI BO BCEX TOUYKAX, IJIE OHU OMPEIEICHBI.

3. YérHocTh, He4éTHOCTHh _dvHkmuu. Dynkrmus Y= f(X) Has3pBaercs

yémmnou, ecim f(—x)= f(x), e€ rpapux cummerpuueHn oTHocuTebHO ocu OY.
Oyukuus Y = f(X) nHaswBaercs neuémmou, ecim f(—x)=—1f(x), e€¢ rpadux
CUMMETPHYCH OTHOCHUTEIbHO Hadajga KoopauHar. OcTtajabHble  (YHKIIHN

HA3BIBAIOTCS (YHKYUAMU 00We20 8Uod.

4. Toukm nepeceueHusi rpagpuka  GVHKIMM ¢ OCAMM __ KOOPJAMHAT.

y=1f(x) y=f(x)
[Tepeceuenue ¢ ocpto OY (=0 ; IepecedeHue ¢ ocbro OX y=0

5. AcnmnToTrbl _rpaduka _¢ysknmu. Acummnrotod kpuBoit Y= f(X)

HasbpIBaeTCs mpsMas |, takas, 4ro paccrosaue Touku (X, f(X)) ot 3ToM mpsiMoi

CTPEMUTCS K HYJIIO IIPM HEOTPAHWUYECHHOM YAAJIEHUN TOYKHU 10 KPUBOW OT Hayasia

KOOpAMHAT. PaznuyaroT BepTHKAIbHBIE W HAKIOHHBIE aCUMITOTHL. [Ipsimas X = X,
SIBIISICTCS BEPTUKAIBHON acuMnToToi rpaduka ynkiun Y= f(X), ecim xo ecTh

TOYKa OECKOHEUHOro pas3pbiBa (PYHKIHUH, T. €. €CIU XOTS Obl OJuH U3

OJTHOCTOPOHHUX TIPENETOB (DYHKIIHH Iimo f(X) =100. Ilpsimast y=kx+b ecTb
X=Xyt

HaKJIOHHAS aCHMIITOTa rpaduka GyHKIIH y=f(x), ecim
. f(x) .

k=lim——=, b=lim[ f (x) — X], npuyem 0ba npexaena CymecTBYIOT U KOHCUHBI.
X—00 X X—>00

6. HWHTEpBaJIbl _ MOHOTOHHOCTHM M TOYKH JIOKAJBLHOI'O JKCTPEMYyMa

byukmmu. Oyuxus f(X) HaseiBaeTes sospacmaioweti va (a, b) (f(x)./"), ecnn
I X, > X €(a,b) f(x,)> f(x). Pyukuus f(X) HaspiBaercs yowisaroweri Ha (a, b)
(f(x) ), ecim mst x, > x, € (a,b) f(x,) < f(x). OyHKIUSI HA3BIBACTCS MOHOTOHHOMU

Ha (a, D), ecim f(X)Tombko . wmnm Tombko N\ Ha (a, b). Ecam mist Bcex



xe(a,b) f'(x)>0, To f(x).” Ha (a, b). Ecnmu nnsg Bcex xe(a,b) f'(x)<0, To f(X)\
Ha (a, b). Touka X=X, Ha3pIBacTCS TOYKOH JIOKAIBHOrO MakcuMyma (Max),
[MuarMyMa (Min)] dyrakuu T (X), eciin cylecTByeT HEKOTOPBI HHTEpBa (o, B),
COIEpKalMi  TOYKY Xo Takou, 49ro i Bcex xe(o,B) f(x)< f(x)
[f(X)> f(%)] (xe(a,pB) x#X,). TOUKH JIOKAIBHOIO MAaKCUMyMa H JIOKQJIBHOTO
MUHHAMYMa Ha3bIBAIOTCSl TOUKAMH JIOKAJIbHOTO AKCTpeMyMa QyHKIIUU.
Heo0xoaumoe yciaoBue 3kcTpemMyMa. EciiM Xy TOYKA JIOKAIBHOTO 3KCTPEMyMa
nenpepeiBHoi Gpyukiun f (X), T0 e€ mepsas npoussoanas f'(X) B Touke xo MM
paBHa HYJIIO, WJIK HE CYLIECTBYET.

Touku, B koropeix f'(X)=0 wmm f'(X) me cymecrByer, Ha3bIBarOTCA
KpUMUYeCKuUMU mo4Kkamu.

IlepBoe naocraroyHoe YCJIOBHE JKCTPEMyMa: €Clid IIpU IIEpeXoJe dYepes
KPUTHYECKYIO TOUKY Xo 3Hak f'(X) m3MeHmics ¢ «+» Ha «», TO B TOYKE Xg
JIOKaJIbHBIA MAKCUMYM,;

C «—» Ha «*t», TO B TOUYKE X( JIOKAJIIbHbI MUHUMYM;

ecim 3HaKk f'(X) He U3MeHMIICA, TO B TOUKE Xy IKCTPEMYyMa HET.

7. VHTepBajibl _BbINYKJOCTH _(VHKIMH, TOYKH _mneperuda. DyHkius

y=f(xX) mHassBacTca ewvinykiou e6sepx (n) [6nuz U] Ha uHTepBalie

(a, b), ecam st MOOBIX X, X, € (a,b) BBIOJHACTCS HEPABEHCTBO:

f(xwxz)z f(x1)+f(x2>{f[x1+xzjS f(x1>+f<xz>}_
2 2 2 2

Touku, pa3aensronye HHTEPBAIIbI BBHITYKIOCTH, Ha3bIBAIOTCS MOuKamu nepe2uba.
Eciu f"(x) >0 Bcrony na (a, b), To dynxums f (X) Beimykina Buus (U) Ha (a, b).
Ecimu f"(X) <0 Bcrony na (a, b), To pynxuus f (X) Beimykia BBepx (n) Ha (a, b).

8. Iloctpoenme rpaduxka. /{51 noctpoeHus rpaduka MOXKHO B35ITh HECKOJIBKO

JOTIOJTHUTEIHHBIX TOYEK.
3aganme 6. IToctpouth rpadmk OymkimE Y =X +3X°+1, mncrons3ys

0OIIIyI0 CXEeMY HCCIIeIOBaHUS (DYHKITUU.



Pewenue.

1. @ymxknus y=Xx®+3x° +1. onpeneneHa s o6oro x, T.e. 0.0.¢. D(y) =R,

XeR umm D(f) = (—o0;+00).
2. Tak xak ¢ymkums f(X)=Xx>+3%x*+1 omnpeneneHa Ha Bcell YHCIIOBOI ocH,
TO OHA M HENpPephIBHA JIIS JII0OO0TO X € (—o0;+00). Touek paspriBa HET.

{f (—=x) = (=x)® +3x% +1= f(X)
3

= f(x)- KLU OOIIEro BUA.
—f(X)=—x*-3x*-1= f(-x) )~ dym

y=x"+3x"+1
y=0

3 2
= 1
4 {y e = x*+3x*+1=0.

=0 = A(0,2); {

Touku nepecedyenust ¢ ockio OX ucKath He OyaeM, MOCKOJIBKY I 9TOr0 HEOOXOIUMO
pemath KyOu4eckoe ypaBHEHHE.
5. T. k. oymxmms  f(X)=x>+3x*+1 He nMeer Todek pas3phiBa, TO

BEPTUKAJIBHBIX AacUMNOTOT y rpaduka QyHkumM Her. HalinéM HakiIoHHBIE

ACHMIITOTHI:
3 2
O XTH3XT+1
kK=lim=——==1im[x* +3x+1/X] = (c0 + 0+ 0) =c0. Hak/IOHHBIX ACHMIITOT
X—>0 X X—>0
HET.

f'(x) =3x° + 6X
6. OnpenenuM KPUTHYECKUE TOUKH: ,
f'(x)=0.3x"+6x=0=x,=0 x, =-2.
O.0.¢. HalJEHHBIMH KPUTHYECKAMH TOYKAMH pPa30MBaeM Ha HWHTEPBAIBI U
onpenenseM 3HaK Y'(X) BHyTpH KaJ0ro HHTEpBaIa:

Y'(=3) =3(=3)(-3+2) =9>0; y'(-1) =3 (-1)(-1+2) =—3<0; y'()) = 31(1+2) =9> 0.

Pe3ynbTarel opopmum B BUIE€ TaOTUIIBI:

x [(=2)] -2 [(2,0)] 0 ] 0.+

yo| + [0 | - [0 +
%

yo) | 2| sl N min 2

Yoo = Y(=2) = (-2)* +3(-2)* +1=5; y,,, = y(0) =1.



" __ 2 r__ .
1. OHpC,IIeJII/IM TOYKH, IIOAO3PUTCIILHBIC HA Hepem6: y'= (3X * 6X) =6x+6;
y"=0. 6x+6=0=x=-1.

0.0.¢. HaliIeHHBIMHY TOYKAMU pa30UBaEM Ha MHTEPBAJLI, onpeaessem 3Hak f(X)
BHYTPH KaXJI0ro uUHTepBana: Yy'(-2)=6(-2)+6=-6<0;y"(0)=6>0. Pe3ynbrarsl

oopmMuM B BUIC TAOHIIBL:

X (—o0,-1) -1 (-1, +x0)
y"'(X) — 0 +
y(x) N un U

Yoo = Y(=1) = (-1)° +3(-1)* +1=3.

8. Iloctpoum rpaduk (pyHKINH, YIUTHIBas BCE MOJIYUYCHHBIC AAHHBIC, TAKKE

UCIIOJIBb3YEeM JIBE NOTMONHUTEIbHBIE Toukd (—3,1), (1, 5).

> X

7. OYHKIUA HECKOJbKHUX NepeMeHHbIX. YacTHbIEe MPON3BOIHbIE

[lepeMenHasi BenwuuHA Z Ha3bIBACTCS (QYHKYUelu O08YX HE3aBHCUMBIX
nepemennvix X uy: z = f (X, y) (wm dynknueir Toukn M (X, y): z = f (M),
3alaHHO} Ha MHOXecTBe D, eciu 110 HekoTOpoMy 3aKoHy Kax0ii nape (X,Y)e D

(kaxmoit Touke M € D) cOOTBETCTBYET OIpeICIICHHOE 3HAUCHHE Z.



OYHKIMOHATIBHYIO 3aBHCUMOCTh Z OT X H Y 3anmchiBatoT B Bujae Z =T (X, Y)
wm Z = f (M), mmm Z = z (X, y). MHO)kecTBO D HaswIBaeTcst obacmuio onpeoenetuis
bynaxaun f (X, y) u o6o3Havaercs D (). Ona HaxomuTCs U3 IBYX YCIIOBHIA:

1) B wmuoxectBo D Bxmowatorcs Bce Touku Twiockoctu OXY, rae

Beipakenue f (X, y) OIIPENEIIEHO, T. €. UMEET CMBICIL.
2) Ecnn dyHKuums f(X, y) MoJTyueHa Jisi HEeKOTOpor (pu3MuecKkor 3aaayu,

TO YUYUTBIBACTCS CMBICJI IICPEMEHHBIX X U Y.

Iycrs dyskmys Z = f (X, y) onpexnenena B obmactu D < B u My (%o, Vo) €D.

JlamuMm apryMeHTy X NpOHM3BOJBHOE MpHUpaIieHue AX U apryMeHTy Y —
npupaiienure Ay tak, 4roosl Touka M (Xg + AX, Yo +Ay) e D.

Tonnwvim npupawenuem byukuuu z = f (X, y) B Touke My (xo, Yo) Ha3bIBacTCS
pasnocth AZ = f (Xy + AX, Yo +Ay) — f (X0, o).

Yacmuoie npupawenus ¢dyakuuu f (X, y) Mo mepeMeHHBIM X M Y paBHbBI

COOTBETCTBECHHO.
Axz= T (X +AX,Yo) — f (X0, Y0), Y= Yo=const,
Ayz = f(Xo, Yo +Ay)— f(Xo,Y0), X=Xo=const.
Yacmuvimu npouszeoouvimu Gyukmun Z (X, y) B Touke (xg, Yo) MO X U 10 Y

HAa3bIBAIOTCA IPEACIILI BUA:

oz . Az oz . AyZ
—=lim : —=lim ——,
OX Ax—0 AX oy Ay—-0 Ay

CCJIM OHHU CYHICCTBYIOT 1 KOHCUYHBI.

Jlpyrue 0003HAUYEHHSI YaCTHBIX POU3BOAHBIX QyHKIMK Z = f (X, y) :

! ! ! ! af 8f
Zy, zy wmm fy, fy, mm —, —.
oX oy
Ecmu HeoOxoauMo, B CKOOKax yka3bIBaeTcs TOdka (Xo, Yo), B KOTOPOH
BBIYKCIICHBI YaCTHBIE IPOU3BO/IHBIE:

a

. nmn Zy(Xo, Yo) U T. I
Xl(x0,Y0)



W3 onpeneneHust 4aCTHBIX MPOU3BOJHBIX CIEAYET MPABUIIO UX HAXOXKICHUS:
YacTHas MPOU3BOHAS TI0 X €CTh OOBIKHOBEHHAs Iporn3BoaHAs 1Mo X QyHkuu f (X,
Y), BBIYMCIIEHHAS TIPH YCIIOBUH, YTO Y = cONst. [Tpu 3ToM HCmonb3yroTest mpaBuiia 1
dbopmynsl tuddepenmpoBanus GyHKIuu ogHou nepemennoit (Ipum. 1).

Ananornuso, ecna U = U(X, Y, Z), TO Uy BBIYUCIIAIOT IpH Y, Z = CONst, uy—
npu X, Z = const, Uy mpu X, y = const.

3ananme 7. HaliTu yacTHbIE TPOU3BOIHBIEC IEPBOTO MOPSJIKA (HYHKIUN

X . .
Q)z=x"-xy——; 6)z=sin"x-Y; ) u=
Pemennue.

X
a)z=x* /X ——, Zx=? Zy="7 OYHKIMIO Z 3aIHIIEM B BUJE, YIOOHOM
y

11 9 1
st nuddepennupoanms:  Z =X X2 y2 —xy 2 =x2y2 —xy 2.
Ucnons3ys npasuna I, I u dopmyny 3 (ITpuin.1), mudbdepenuupyem no x,

cyuras Yy = const:

3

91 91 19
7 = (X2y2 = xy?)y = (x2y2)i = (xy 2)x = Y2 (X2)i =y 2 ()5 =
17
tg 2 — 1
=y2 Zx2 -y ==Xy -—.
e A N L
Juddepenmupyem 1o y (X = const):
91 91 9 1
2y = (x2y2 —xy?)y = (x2y2)y — (xy )y =x2(y2)y —x(y %)y =
9, 1 9
:XZ%y 2—x(—2)y‘3:E L

2\y 'y
6) z=sin’x-e*7.
Hcnonp3yem npaswmio | u popmynsr 3, 5, 8 (Ilpun.1), cuurast Yy =const:
z) = (sin® x-e*7Y), = (sin® x),e*Y +sin? x(e*)} = 2sinxcos xe* Y +
+sin® xe* Y (x — y)y = 2sinxcos x-e*7Y +sin® xe* Y -1=sin2xe* +

+sin®x-e*Y.



[Ipy BBIYMCICHUU Z) MOXHO HCIOJIB30BaTh IpaBuio (C-U)' =C-U’, Tak Kak

MHOKHUTEJIb Sin2 X— IOCTOSIHHAs BEJIMYKMHA IPU X= CONSL:

z}, = (sin®x-e*7Y), =sin®x(e*Y)} =sin® x-e* Y (x - y), =sin®x-e* Y (1) =

— —sin®x-e*7,
2
—2X
8) U= Y Uy=? Uy=? U;="?
C0s3z

[Ipu nuddepenunpoBanun Mo X cyutaeMm Y, Z = CONSt, cieaoBaTeNbHO, Y
4 '
o u u
I[pO6I/I 3HAMCHATCJIb ITIOCTOAHHBIN 1 I/ICHOJ'IBSYCM HpaBI/IJ'IO (—] =— .
C C

!

1

1Y 2_2x)2| 1 -~ ,
giozor | (VT otz 208 20,
Uy =| —-— 2| = = —
C0S3z C0S3z C0S3z
X
Lyt o2 2(2)
2V _ 1

Cos3z C083z4/y? — 2X |

AnanornyHo npu auddepeHIupoBaHuy Mo Y cuyuTaeM X, Z = Const:

!

1

' 2_9y)2 1 '
I A e K
| cos3z ~ cos3z c0s3z -
y
(2 o0\
:Z(y —2x) 2y: y |
Cos 3z cos?,z\/y2 —2X

Huddepennmpyst GyHKIUIO MO Z, cuuTaeM X, Y = CONSt, ciemoBaTenbHO,
YUCJIMTENb APOOU MOCTOSHHBIN M MOYKHO MCIIOJB30BaTh MPaBuiio V.

!
C cv'
(—j =———. UmMmeem:

v v2



4

1 1 1

(y2 —2x)E (y2 —ZX)E(COS3Z),Z (y2 —2x)5(—sin32).3
uz = =~ 2 =T 2 =
cos3z (cos3z) (cos3z)

z
_ 3\ y% - 2xsin3z
(cos3z)®

8. FpazmeHT CKAJAPHOIO IM0JIA !X IIPOU3BOAHAA 110 HATIPABJACHUIO

I[Iycts D Hekoropast oGmacts B mpoctpasctse . Ecmu B Heil 3amaHa
bynkus U=u (X, Y, Z), To TOBOpAT, 4T0 B obnactu D 3amaHo ckansproe none, a
dbyHKIMsA U=U (X, Y, Z) Ha3pIBaeTcsl (yHKIMEH ckaisapHoro moist. Hampumep, U —
Temmeparypa B Toukax M € D (mone temrepatyp), Wiu U — JTaBICHHE JKUIKOCTH
WK Ta3a B Toukax cocyaa D (mose manenuit). [Ipyu u3ydeHUr CKaaspHOTO IOJIS
BOKHO MUMETh WH(OPMAITUIO O CKOPOCTH M3MECHECHHS BEIMYWHBI MOJISI B TOM WJTH
WHOM HarmpaBiieHud. Takyro mHGOpMAIMIO JaeT MPOU3BOAHAS MO HAIPABJICHHUIO.

Hapsny ¢ Heil paccMatpuBaloT B kKaxjoi Touke Mg € D BekTop ¢ KoopaumHaTaMu
(u; ( I\/Io), Uy ( I\/Io), uy (Mo )), Ha3bIBAEMBIH 2epaduenmom (GyHKIuH U =U (M )B
touke M. BekTop rpamuenrta obo3nayaercs gradu ( M 0) :

gradu(Mg) =uj(Mo)T +u}(Mo) T +u;(Mo)k, (8.1)
rae 1, ], K — equHIYHbIC BEKTOPHI AEKAPTOBA MPSIMOYTOILHOTO Gasuca.

BekTop grad u (M) ykaseiBaeT HampapiieHue, B kotopoMm ¢yHkius u(M) B
Touke My BO3pacTaeT ¢ MaKCHMaJIbHOH CKOPOCTBhIO. MakKcHUMallbHas BEJIUYHHA

CKOPOCTH paBHA:

lgrad u(Mo) :\/(u;(Mo))z (U (Mo) ) + (1t (Mo 8.2)

Bekrop grad U(Mo) (ecni OH HEHYJIEBOW) HAmNpaBJ€H IO HOPMAd K

MOBEPXHOCTH  ypoBHA  (PyHKIMu U :u(M ) ONpENETsIEMON  YpPaBHEHUEM

u(X, y,Z) =U(M0) U TIPOXOJAIIEH YepPe3 TOUKY MO(XO, Yo, ZO).



[Tycth pynknus ckansproro nojist U= U (M) onpenesncHa u
nuddepeniupyemMa B HEKOTOpoi OkpecTHOCTH Toukn Mg e D B u S — kaxoii-

60 (HKCHPOBAHHBI BEKTOp B R°.

IIpoussoonoii gpynkyuu U=u(M) B Touke My B Hanpasnenuu éexmopa S

Ha3bIBACTCA IIPCACII OTHOLICHHUA IIpUPAIICHUA (l)YHKHI/II/I U B TOUYKE Mo B

HAIIPABJICHNAN BEKTOpa S (Agu =Uu ( M ) -u ( Mo )) K PaCCTOSIHUIO MEXKIY TOUKaMH

M u Mg (p(M,MO)), korga Touka M—M, Tak, uro BekTop MM ocraercs

COHAIPABJICHHBIM JAHHOMY BEKTOPY S , T. €.

ou o u(M)—u(My)
E(MO)_MII—[{\]AO p(M,My)

€CITH 3TOT IPECIT CYIIIECTBYET U KOHEUEH.
Ecii BeKTOp S 3a/aH KOOpAMHATAMI, T. €. S = (SX,Sy,SZ) 1 QyHKIHS U= U

(M) muddepenmmpyema B TOuke My, TO TPOM3BOMHAS IO HAMPABICHUIO
BBIYHUCIIIETCS 110 popmyIie:

Z—:(Mo)=u;(Mo)cosoc+u’y(M0)cos[3+u;(MO)COSy, (8.3)

ryIe COSaL, COSP, COSY — HANpaBISIONIIE KOCHHYCH BeKTopa S . OHM paBHBI

S
cosa = X , COSP =

JSZ+S2+S?

S, S,
, COSY = ,
JS2+S2+8? JS2+S2+S?

(8.4)

ou
[IponssomHas 8_(MO) XapaKTEPU3yeT CKOPOCTh HM3MEHEHHS (DYHKIUH
S

= ou
u (M) B Touke My B HampaBiieHHMH JaHHOTO BekTopa S . Ecnm a—(M0)>O, TO
S

ou
dyHKIES BO3pacTaeT B HampaBleHHH S co ckopocthio — (Mg); mpm

Z—u (M) < 0 hyHKIms yOBIBAET CO CKOPOCTHIO
S

ou
—(M
~ (Mo)

3ananme 8. [lana GpyHKIIMA CKAISPHOTO TOJISA U = yZZ +3z% — 4xyz . Haiitu:



a) TpagueHT GyHKIuu U Touke Mg (3, 1 1), MOJIYJb IpaiueHTa U OOBSICHUTh

(U3HYECKUIT CMBICIT ITOJYIEHHOTO PE3yJIbTaTa;
0) npou3BoaHyI0 (GyHKIKU U B Touke Mg (3, 1, 1) B HaIpaBJICHUH BEKTOPa

S = (1, 2,— 2) U OOBSICHUTH (PU3UYECKHUI CMBICIT TTOJIYYEHHOTO pe3yJsIbTaTa.

Pemenmne.

a) Halinem 4acTHbIC TPOU3BOHBIE OT (PYHKIIUU u(X, Y, Z) 1 BBIYUCIUM HX
B Touke My:

ul, :<y22 +32° —4xyz) =—4yz, ux (Mo) :(—4yz)‘(3,1,l) =4,

iy =(v'z+32 ~axyz) =2yz-dxa, uy(Mo)=(2yz -4,

u, =(y22 +3z° —4xyz)lZ =y?+6z—4xy, U, (l\/lo)=(y2 +62 —4xy)‘(311)

=10,

=-5.
[Mpumensist popmyet (8.1), (8.2), momydaem:

grad u(Mo)=—47 —107 -5k,

lgrad u(Mo )| = \/(—4)2 +(~10)* +(-5)" =141
BeiBoa. 3amannas  ¢dyHKus U ( M ) B Touke Mgy Bo3pacraer c
MaKCHMAJILHOM CKOPOCTBIO, paBHOM 141, B HampaBjeHuu BekTopa grad u ( M 0) =

= (-4,-10,-5).

6) OnpezenM MOZYJIb M HANPABJISIOLIME KOCHHYCHI Bektopa S = (1, 2, —2)mo
dopmynam (8.4):

S]=y2+2° +(-2)" =8 =3,

cosoL =— cosB—z cosS __2
3’ | =3

[Mpumenss popmyiy (8.3), umeem

au 1 2 2\ —4-20+10 14
A (Mg)=—-4-Z4(-10)-Z4(-5) -2 |- 2=
5 (Mo) 3 (10 3+ )( 3] 3 3



BbiBoa. @ynkuus B Touke My B HampaBieHUM BEKTOpa S yOBIBae€T CO

14
CKOPOCTBIO 3 €AVHUL] CKOPOCTH.

9. DkcrpemyMm GyHKIHM ABYX NepeMeHHbIX

Ilycte pyHKIIMSA Z=Z(X, y) ompenelicHa B HekoTtopol obmacth D w
My (Xo , Yo )— BHYTPEHHSISI TOUKa 001aCTH.

Touka Mo(xo,yo) HA3bIBACTCS  MOYKOU  JIOKANbHO20 — MAKCUMYMA
(Munumyma) dyHkuAN z:Z(x,y), €CJIM CYIIECTBYET OKPECTHOCTh TOUkKH My
Takas, 4To JJIsI Bcex To4yek M (X,y) U3 3TOM OKPECTHOCTU BBIMIOJHACTCS
HEPABEHCTBO:

Z(%,¥0)=Z(xY) (Z(%,Y0)<Z(xY)).

Touku (JOKaIBLHOTO) MaKCMMyMa U MHUHUMyMa (YHKIMH Ha3bIBAIOTCS
TOYKAMU IKCMPeMyMda.

Heob6xoaumoe ycioBue sKCTpeMyMa JaeT Cleayromias Teopema.

Teopema. IlycTs (Xo, yo) — TO4YKa 3KcTpemMyma nuddepeHunpyeMon
byakunn Z =2 (X, y) . Torna yactTHbI€ IPOU3BOIHBIC

Zx (%0, ¥0) =01 Zj(X0,Y0)=0. (11)
Jpyrumu crnosamu, grad Z (M) =0.

Touky My, B koTOpOi1 BhINIONIHEHBI YciaoBus (11), Ha3bIBaOT crmayuonapHotl
TOYKOU (PYHKITUH.
OKcTpeMyM (QYHKUIHUHA BO3MOXKEH HE TOJBKO B €€ CTAllMOHAPHBIX TOYKaX, HO

U B TaKWX TOYKaX, B KOTOpPHIX grad Z He CyIIeCTBYET, T. €. HE CYMIECTBYET XOTs
Obl OJHA W3 YAaCTHBIX NPOM3BOAHBIX Zy HIH Zg,. Takme TOUYKM BMeECTE CO

CTAllMOHAPHBIMU HA3BIBAIOTCS Kpumuieckumy ToukaMu (QyHKITUH.
He mobas xputmdeckass Touyka (DYHKIIMH SIBISETCS TOYKOM IKCTpEMyMa.
Crnenyromass TeopeMa yCTaHABIMBAET JOCTATOYHBIE YCIIOBHS JKCTpEMyMa

(GyHKUIMU B CTAlIMOHAPHOM TOYKE.



Teopema. Ilycthb I\/IO(XO, yo) — cTanyoHapHas Touka ¢yHKIuu Z (X, y),
T.e. Zx(Mg)=0 u Z{(Mg)=0, u B HeKOTOpOIi OKPECTHOCTH ITOIl TOUKU BCe

YaCcTHBIE MPOU3BOIHBIE BTOPOTO MopsAaka GyHKIuu Z (X, y) HEIIPEPBIBHBI.

O003HaYNM:

A B

A=2Z}%(Mg), B=Z3 (M), C =2}y (Mo), A(Mo):‘B C‘:AC—BZ. (12)

Torna:
1) eciin A(Mo) >0, To B Touke My QyHKIIUS UMEET IKCTPEMYM: MHHUMYM, €CIIH
A>0, u makcumym, eciiu A<O0;
2) ecnu A( Mo) <0, To B Touke M pyHKIHS HE UMEET IKCTPEMYMa;
3) ecmu A(I\/Io) =0, TO BOmPOC O HaJWYUM DIKCTpeMyMa TpeOyeT
JOTIOTHUTEILHOTO HccienoBanus (Ha3oBeM ciydail A = 0 HeonpeaeneHHbIM).
AJIroputm HcciaeaoBaHusi GQyHKIHUM IBYX NepeMEHHbIX HA IKCTPEMYM:
1) HaiiTu oOnacTe onpeneneHus GyHKINN;
2) ompenenuTh KPUTHUECKUE TOUYKM (PYHKLIHMU B €€ 00JacTu ompeiesieHus, T. €.
TOYKM, B KOTOPBIX YAacTHBIE MNPOM3BOAHBIE Zy M ZyPaBHBI HyJTI0 HIM He
CYLLIECTBYIOT;
3) onpeneauTh YaCTHbIE IPOU3BOIHBIE BTOPOTO MOPSIIKA;
4) IpoBEPUTH BBINIOJIHEHUE JIOCTATOYHBIX YCIOBUM 3KcTpemyma (12) mis kaxmoun
CTallMOHAPHOM TOYKH;

5) BBIUMCINUTD 3HAYEHUS PYHKIIMH B TOUKAX HKCTPEMyMa.
3amanne 9. VccienoBath Ha SKCTpeMyM QYHKIHIO Z = 2XY — X2y — Xy*.
Pemenne. lVccrnenoBanme ¢yHkmun Z (X, y) Ha JKCTPEMYM IPOBOIUM
COTJIACHO BBILIECYKa3aHHOMY aJIFOPUTMY.

1. O6nactsb onpeaeneHust PyHKIUU Z = 2XY — X2y — Xy2— Bcs mockocTh OXY.



2. 7y

’
X

(2xy =Py —xy?) =2y-2xy-y?;
Z, :(ny— X2y — xy2) = 2% — X% = 2xy.
O6e uacTHble NPOM3BOJHBIE  ONpPEAENEHBbl IS JIIOOBIX (X, y).

CrnenoBaTenbHO, TOUKAMHU, TOAO3PUTENBHBIMU HA SKCTPEMYM, MOTYT OBITh TOJBKO

Zy =0,
CTarmoHapHbIe TOUkd. OnpeaeuM UxX 13 yCIOBUN {ZT 0
y =Y

Z=2y-2xy-y* =0, {V(Z—Zx—y)=0,

zy =2x—x*—2xy =0. X(2—Xx—2y)=0.

PemuB CUCTCMY ypaBHeHHﬁ, IIOJIYYHMM KOOPpIWHATBI CTAIIHMOHAPHBIX TOYCK!

Mo (0, 0); M; 0, 2); M, (2, 0); Mg(g, %).

3.2 =Ry -2y —y* ) =-2y, 1y =(2y-2xy-y*)y =2-2x-2y,
Zi = (2X— X2 = 2Xy)y =2 —2X =2y, Z§y =(2X—X* —2xy)y =—2X.
4. Touka My (0, 0):
A=z} =(-2Y)m, =0, B=12} =(2—2X—2y)m, =2, C =2}y =(-2X)m, =0,
A(Mp)=AC —B?=0-2%=-4<0.
CrnenoBarenbHo, B Touke Mo(0, 0) nanHast pyHKLMS S5KCTpeMyMa HE UMEET.
Touka My (0, 2):
A=z} =(-2y)m, =—4, B=12}y =(2—-2x—-2y)m, =2, C =1z}, =(-2X)m, =0,
A(M;) = AC —B? =—4.0—(-2)> =—4 < 0= B Touke M (0, 2) sKcTpeMyMa HET.
Touka M, (2, 0):
A=z} =(-2y)m, =0, B=2z}y =(2—2x—2y)m, =2, C =2}y =(-2X)m, =4,

A(M3)=AC —B?=0-(-4) — (-2)* =—4 < 0= B touke M, (2, 0) AKCTpEMyMa HeT.

Touka M3 (E, gj
3 3



" 4 144 2 " 4
A= Zxx :(_zy)Ms :_5’ B= Zxy =(2—2X—2y)|\/|3 :_g’ C= Zyy :(_ZX)M3 :_E,

2
A(M3)=AC - B? = (—gj(—gj - (—%) = % >0=B touke M; dyHkIUI HMeeT

4 2 2
IKCTPEMYM, TaK Kak A= 3 <0, 10 M3 33) TOYKAa MaKCUMyMa (DyHKITHH.

10.Heonpeaesennblii uHTerpasa. HemocpeacrBeHHoe MHTErPUPOBaHHE

Oyukmus  F (X), ompejeNieHHass Ha HHTEpBaJe (a, b) , Ha3bpIBaeTCs
nepsooopasznou 1 Gpyaxuun f (X), OTIPEJICTICHHOW Ha TOM K€ UHTEpBaJie (a,b),
ecn F'(x)= f(x).

Ecm F (X) — mepBooOpazHas s QyHKiuH | (X) , TOo molas npyras
nepBooOpazHas cD(x) st pyuakinuu  f (X) otnu4daercss ot F (X) Ha HEKOTOPOE
OCTOSHHOE craraeMoe, T. e. @(x)=F(x)+C, rae C—const .

Heonpeodenennvim unmeepanom ot pyaxium f (X) Ha3bIBACTCS
COBOKYITHOCTH BCEX MEPBOOOPA3HBIX IS 3TOW GyHKIHMH. OO03HAYaeTCs
HEOIpe/IeJIEHHBII HHTErpall: I f(x)dx=F(x)+C, rae F'(X) = f (X), C — const.

Ornepanusi HaXOXJICHUM MepBOOOPA3HON NJisi TaHHOW (PYHKIIMM HA3bIBACTCS
unmezpuposanuem. VIHTerpupoBaHue ABISETCS O0OpaTHOM  omeparued K

i pepeHInpOBaHUIO:

(] £ (x)e) = F(x).

JIns  [poBEpKM  MPABWIBHOCTH  BBIIIOJHEHHOIO  WHTErPUPOBAHUS
HeoOxoaumMo mnpoauddepeHpoBaTh pe3yabTaT HUHTETPUPOBAHUS U CPABHUTH
MOJyYEHHYIO (DYHKIIUIO C MOABIHTErPATbHOM.

CBoiicTBa HeonpeaeJIeHHOT0 HHTerpaJja:



1. (I f (x)dx)' = f (x); djf(x)dx= f(x)dx;
2. de(x):F(x)+c; 3. [Kf (x)dx = kj x)dx, k — const;

4, _[ dx _[ dx+jg

TaOnuia ocHOBHBIX MHTEerpanoB npuseneHa B [Ipunoxenun 2. Kaxnas u3
INPUBEACHHBIX B Ta0IUUE (GOpMyI CIpaBEIMBA Ha MPOMEXKYTKE, HE COAEPKAILEM
TOYEK pa3pblBa MOABIHTErpaJIbHON (yHKUMU. BpruncieHne uMHTErpajioB ¢
VCITOJIb30BAaHUEM TaOJIMIIBI U OCHOBHBIX CBOMCTB HA3bIBAIOT HEMOCPEICTBEHHBIM
UHTETPUPOBAHUEM.

3aganue 10. Ilonp3ysich TaOnauIel OCHOBHBIX MHTETPAJIOB U CBOMCTBAMHU

HEONPEEICHHOr0 MHTErpaia, HAWTH UHTErPajIbl

3%+l 5 16 — X2
a + 23 |dx; 6 +3.5%+ dx.
)I£ X J )I(llx2+2 4+ J )
Pemenue.
a)J 5 3 +l +28x° |dx = j ———i+2x5/6 dx =
I +7 x*

dx
=< (pyHKIIMM Ha CyMMy UHTETPAIOB, IPU ATOM IIOCTOSIHHBIE =5 \/27 =-—
X +7

MHO>KHMTEJIM BBIHECEM 3a 3HAK MHTErPajoB

-4 5/6,4y _ JACTIOJIb3YyEM TAOJIUYHbBIE| _ [,2

=3|——|X x+2jx X = =5In|X+X"+7|—
BI d d {I/IHTel'paIIBI 12,4,3 S

—4+1 5/6+l

11 +2. 5611 +C= 5In‘x+\/x + ‘ 3In\x\ Ve 4 C.

_ 2 . L 1L e
5In‘x+x/x +7‘ 3In\x\+3x3+11x +C.

UCITOJIb3YEM CBOMCTBA 3U4 1 pa306LeM HHTerpan OT CYMMBI} J_

3In|x|-

2 _
6)| f 4354 107X dx:5jL+3I5xdx+J‘(4 X)(A+X)
11x% + 2 4+ X 1 X2+2) 4+ X

11

5 dx UCTIONIB3YeM (POpMyIIbI
x dx =

e (Jzm)

5+ 3I5de + 4j dx — 13, 5, 2, 3 Ta0munsl

WHTErpajgoB



5 1 X 5% xtH 5 11 5%
=— arctg +3- +4x — +C =——arctg,[—x+3—+
11 /2/11 J2/11 In5 1+1 J22 2 In5
X2
+4x—-—+C.

11.MeToa 3aMeHBbI IepeMeHHOM

Teopema. Ilycts X =@(t) MOHOTOHHAsA, HempepbiBHO auddepeHnupyemast

byHKIMS, TOTAA
j f (x)dx = j f (o(t))@'(t)dt. (11.1)
IIpu 5TOM, eciu j f ()@ () dt = F(t) +C, T0 j f (x)dx = F(y(x)) + C, rae

W (X) — dynkius, oopatHas @(t).

@®opmyna (11.1) HazwsiBaeTCs  Qopmynol  3aMmeHbl NEPEMEHHOU B
HEOTpeIeIEHHOM HHTETpaIe.

AJITOPHUTM 3aMeHbI IePeMEeHHOM:

1) Cesi3aTh cTapyr MEPEeMEHHYIO HHTETPUPOBAHMS X C HOBOW IMEPEMEHHOU

t ¢ momorrsio 3amenbl X = @(t).
2) Haiitu cBsize Mesxny auddepennuanamu dx = @'(t)dt.

3) IepeiiTu o1 3HAKOM WHTETpajia K HOBOW NIEPEMEHHOM .
4) ITpouHTErpupOBaTh U B MOJYUYCHHOM MEPBOOOpPa3HON BEPHYTHCS K CTApOit

nepeMeHHO#, moacTaBuB t = \y(X).

Cpem/I HHTCIPAJIOB, BBIYHUCIIACMBIX C IIOMOIOBIO 3aMCHBI nepeMeHHoﬁ,

Mx + N Mx+ N
BBIJICJIUM UHTETPaJIbl BUJA! Iz—dx 51 I dx.
ax” +bx+c vax? +bx+c

HpI/I HX BbIYHUCIICHHUU H€O6XOI[I/IMO BbIACIIUThE B 3HAMCHATCIIC TTOJTHBIN

KBajapar, JJIA 4€Tro UCIIOJB3YCTCA CTaHAAPTHAA 3aMCHA:

x:t—i,dx:dt,t:x+£. (11.22)
2a 2a

3apanue 11. IlpouHTterpupoBaTh MOAXOJAIICH 3aMEHON TMEpPEeMEHHON

(monBeaeHue no 3Hak AuddepenHimana).

-2
a) |cosdxdx;, 6 egx+1dx; )| x(2 - x? 5dx; 2 X—dx.
)I )-[ )J ( ) )Ix2+6x+10



Pemenmne:

dbopmyna7
a) [cos4xdx = =4x, dt =4dx,_ | cost 3t = L [costdr = rapmims b=
dX dt/4 4 4
HUHTETPajIoB

:lsint +C :lsin4x+C.
4 4

oxi ;. lt=9x+1,dt=9dx,| ¢ (dt 1 | Popuyna 6 |
T R

9 9
. t— %2 dt = —2xd s( dt : dbopmymna 3
6)Ix(2—x Yy =| T X OL=—2X0X, =Jt —— ———It dt =< Tabmuupl =
xdx =—dt/2 2 UHTErPaIoB
6
:—it—+cz—i(2—x2)6+c.
26 12

5 J‘ X-2 Jx — |Acnonesyem  sameny  (2),| _|x=1t-3, dx=dt, _
x2 1+ 6x+10  |lyurem, uro a=1, b=6) |[t=x+3

J‘ t—3-2 dt_J‘ t-5 I J‘tdt B
(t—3)% +6(t—3)+10 t2—6t+9+6t—18+10 t2 +1 t2+1

d t I 1-ro uHTErpaia d t bopmyner 4,13] 4
—lz=t?+1 J- =< TaOJIULIBI :—ln‘z‘—
2+1 dz =2tdt; tdt =dz/2 2 HHTETPAJIOB

—5arctgt + C :%In‘t2 +]4 —5arctgt +C :%In‘x2 +6X +10‘—5arctg(x+3) +C.

12. UuterpupoBanue no yactsiv. Hekoropble BHibl HHTEIPaJioB,
BbIYMCJIAEMBIX 110 YACTAM

Ecnu npousBoanbie Gynkiuit U =U(X) u V =V (X) HenpepbIBHBI, TO
crpaBesiiBa Gpopmya:
Judv =uv - [vdu, (11.3)
Has3bIBACMast (hOPMYJIOU UHMESPUPOSAHUSL O YACTISM.
B kaudectBe U(X) 00BIYHO BRIOMPAIOT (DYHKIMIO, KOTOpAs YIIPOLIACTCS MPH

nudepeHIpoBaHUN.



Hekotopeie ctanmaptHble ciay4yau (DyHKUUNA, HHTETPUPYEMBIX IO YaCTAM,

yka3aHbl B Tabnuiie. Tam ke paetcs cnocod Beibopa MHOxuTenedr U u dV .

Ta0muna
Buja nnTerpana U —du dv -V
:Pn(x)sin kx dx dV =sinkxdx >V :—%coskx
[ P, (x)coskx dx U=PR(x)—> 1 .
’ , dV =coskxdx —V =—sinkx
n=12,. dV =edx -V :%ekx

JinlocPr(dx |y _ i du = &
X

Jarcsinkx P ()dX |\ _ aresinko s dU = KX
1-k2x?

[arccoskx P, (x)dx| |, _ _ kdx
. n U =arccoskx — dU = —m dV =P, (X)dx —

SV = j P, (x)dx

J arctgkx B (x)ax | _ arctgkx —» dU = _kax
1+k?x?

Jarcotgkx Py (x)ax | =arcctgkx — dU ok
1+k?x?

P,(X)— MHorownen or X cremerum N, T. e. Py(X)=aoX"+ax" " +...+a,, rIe
n=0,12,..., ag=0.
3aganme 12. [IpouHTerpupoBaTh MO YACTSIM.

a) j (3x —1)sin 2xd¥x; 6) [+ 2x)Inxdx.
Pemienue.
U =3x-1—dU =3dx
) COS2X COS2X
a)j(gx_l)SInZXdX:dV=Sin2XdX—>V=—C082X =—(3x-1) 5 +j 5 dx =



=—1(3x—1)c052x+§jc032xdx :—1(3x—1)c032x+§sin 2x+C.
2 2 2 4

U:Inx—>dU:%
X 2 2, OX
6)](1+2x)|nxdx: dV =1+ 2x)dx — =Inx(x+x )—I(x+x )—=
V=J-(1+2x)dx:x+x2 X

2
=Inx(x+x2)—J(1+x)dx:lnx(x+x2)—x—x?+C.

Teopernvyeckue BONPOCHI

Pazoen 1. /luneiinas anzeopa. Bekmopnasa anzeopa.
[ToHsiTHE MATPHIIBI, TUITBI MATPHIT
2. Omnepauuu ¢ MaTpulaMu (CI0KEHUE, YMHOKEHUE Ha YUCIIO, YMHOXKEHHUE
MaTpHIbl Ha MaTpPUILy, TpaHCHOPTUpOBaHUE MaTpuil). CBOWCTBa onepanui.
OnpenenuTeny MaTpull, UX CBOWCTBA.
Paznoxxenue onpenenuTens no a1eMeHTaM Jito00i CTPOKH, CTOJIOIIA.
Oo6patHas matpuiia. Kputepuii ee cymecTBoBaHus u hopmysia s
BBIYUCIICHUS.
6. Cuctembl muHeNHbIX anreOpandeckux ypaBuenuii (CJIAY).
7. CoBMecTHBIE, HECOBMECTHBIE, ONpeiesieHHbIe, HeomnpeaeneHHbie CJIAY.
8
Q.

=

B W

o1

. ®opmynsl Kpamepa nns pemenusa CIIAY.

Martpuunsiii merop pemenust CJIAY.

10.MuHOp MaTpuIlbl, paHT MATPHUIIHI.

11.2nemeHTapHbIe TPpeoOpa30BaHMs MATPULl, SKBUBAJICHTHbBIC MATPHUIIBI U UX
paHTH.

12.JInHEHO 3aBUCUMBIE, THHEWHO HE3aBUCHMbBIC CTPOKHU MaTpuIlbl. Kpurtepwmii
JIMHENHOW 3aBUCUMOCTH.

13.Kputepuii coBmectHoctu CJIAY Kponekepa-Kanemnnu.

14 Meton INaycca pemennst CJIAY. bazucHblil MUHOD, Oa3UCHBIE U CBOOOIHBIE
nepeMenHble CJIAY.

15.TToHsiTHE N-MEPHOTO BEKTOPA, ONIEPALIMN C BEKTOPAMH.

16.JIuneiiHOe apuMeTHIECKOE BEKTOPHOE IIPOCTPAHCTRO.

17.JIuHeiiHO 3aBUCHMAs U He3aBUCHMas cUcTeMa BeKTopoB. Kpurepuit
JIMHEWHOMN 3aBUCHUMOCTH CUCTEMBI BEKTOPOB.

18.n-MepHOE eBKINI0BO MpocTpaHCcTBO £N. CkanspHoe npousBeaeHue B E3, €ro
CBOMCTBA. MEXaHUUECKHUIN CMBICIT CKAJISIPHOTO IPOU3BEICHHUS, MOYJIb
BEKTOpA, HAPABJIECHUE KOCUHYCHI BEKTOPA.

19.1Tpoekiust BEKTOpa Ha BEKTOP, OPTOrOHAJIbHBIE, KOJIJTMHEAPHbIE,
KOMILJITAHAPHBIE BEKTOPBI.

24. BekTop Kak HampaBJICHHBIA OTpe30K. J[eKapTOB MpsSMOYTONbHBINA Oa3uc u

JI€KapTOBa MPSIMOYTOJIbHAsL CUCTEMA KOOPJIMHAT (JI.11.C.K.).
25. Papnyc-BEKTOp TOUKHM, KOOPAUHATHI TOYKH B J.11.C.K.



26. BexkTopHOE TPOU3BEICHUE BEKTOPOB B E3, €r0 CBOMCTBA, MEXAaHWYECKUM

CMBICIL.

27. CMemaHHOe MPOU3BEAEHUE BEKTOPOB B E3, €r0 CBOKCTBA.

28. Yca0oBHUS OPTOrOHAJIBHOCTH, KOJUIMHEAPHOCTH, KOMILJIAHAPHOCTH BEKTOPOB

B E3.

Pazoen 2. Ananumuueckan zeomempus
1. [TonsiTve ypaBHEHUSI TEOMETPUUECKOTO 00pasa.
2. IlnockocTh, HOPMAJIbHBIN BEKTOp MIIOCKOCTH. OOIiee ypaBHEHUE MIIOCKOCTH U
€r0 YaCTHBIE CIIy4YaH.
3. Yron Mexay IJIIOCKOCTSIMH, YCIOBHE NEPIEHIUKYISIPHOCTH U MAPaIETbHOCTH
IJIOCKOCTEM, PacCCTOSIHUE OT TOYKH JI0 miockocTu. [lnockocts B £n, N>3.
4. Tlpsmas B FE3, ee Hampapisgiomuid BekTtop. OOmme, KaHOHUYECKHE,
napaMeTpUYeCKue ypaBHEHUs NpsiMoit. JIyd u oTpe3oxk.
5. Yron wmexny unpsameiMa B FEz.  llepnengukynspHele, nDapaielbHbIE,
IIEPECEKAIOIINECS U CKPEIINBAIOIINECS NPsAMBIE. PacCTOAHME OT TOYKH JO NPAMOU
B Ej3. [Ipsimast, myd u otpe3ok B £n, N>3.
6. VYrom wMexay mNpsAMOW UM IUIOCKOCTBIO, YCIOBHUS NapaJUICIbHOCTH U
NEPHEHANKYJIIPHOCTH MPSMOM M IUIOCKOCTH. Touka nepecedyeHus] NpsMON H
IUIOCKOCTH, TPUHAIEKHOCTh NPSAMOM IIJIOCKOCTH.
7. IlpssmMas HA IJIOCKOCTH, KAK YACTHBIM CIydall NpsAMOW B FE3 M Kak JMHUSA
NIEPECEUEHHUSI IUNIOCKOCTH C IIOCKOCThI0 OXV.
8. YpaBHeHUE NPSIMON Ha MJIOCKOCTH € YTIIOBBIM KO3(P(ULUEHTOM.
Pa3zoen 3. Beedenue ¢ ananus
1. ®yHKUMS OAHON IEpEMEHHOM, criocoObl 3a1aHusl. OCHOBHBIE AJIEMEHTAPHbIE
¢bynkuuu, ux rpapuku. CnoxHas QyHKIHS.
2. llpenen pyukIiuy.
3. beckoHeuHo Masiast PyHKIIMS U €€ CBOMCTBA.
4. beckoHeyHO OoJbinast QyHKIUS, CBS3b C OECKOHEUHO MaJIoM.
5. OcHOBHBIE TEOpEMBI O Ipenenax GyHKIUU (KpUTEpPHU CyllleCTBOBAHUS Mpeena,
€AMHCTBEHHOCTb, MPEEN CYMMBI, IPOU3BEICHHUS], YACTHOTO).
6. IlepBrIil 1 BTOPOW CliELIMATbHBIE MPEIEIIbI.
7. CpaBHeHHE OECKOHEYHO MalbIX (PYHKIUH.
8. HenpepbIBHOCTH PYHKIIUM B TOUKE, HA UHTEpBaJe, 0Tpe3ke. OCHOBHBIE
TEOPEMBI O HETIPEPHIBHBIX (PYHKIUAX (HENPEPHIBHOCTH OCHOBHBIX 3JIEMEHTAPHBIX
GbyHKIUH, CIOKHON (DYHKITUN).
9. CroiicTBa GyHKIIUN HEMTPEPHIBHBIX HA 3aMKHYTOM OTPE3Ke, a0COTFOTHBIM
KCTpEMYM (GYHKIUH.
Pazoen 4. IIpouzeoonasn ¢pynkuyuu 00noii nepemennoi

1. Ilpupamienre aprymeHTa W npupaimieHue QyHKIMH. 3ajada O KacaTelbHOW K
TUIOCKOW KPUBOM.
2. IlpousBoHas pyHKIUHU, €€ TEOMETPUICCKUN U PU3NUECKUM CMBICT. Y paBHEHUE
KacaTeJIbHOM M HOPMaJId K KPUBOM.



3. HeoOxoaumoe ycnoBue nuddepeHunpyeMocTu PyHKIIUN.
4. OcHoBHBIE TIpaBuUIIa U popMyiibl TuddHepeHIMPOBAHUS.
5. Judbdepennnan GyHKmm, €ro reOMeTpUIECKU CMBICH, CBOMCTBA, MPUMEHEHHE
K MPUOJIM>KCHHBIM BBIYHCIICHUSIM.
6. [IpousBoansie U qudepeHnranbl BHICHIUX MOPSIKOB.
Pazoen 5. Ilpunoscenus npou3eoonoil
1. Teopemsr Poms, Jlarpanxa.
2. MOHOTOHHOCTh (DYHKIIMH, JOCTATOYHOE YCIOBHE MOHOTOHHOCTH.
3. Onpenenenue J0KaTbHOTO MaKCUMyMa (MUHIUMYMa) (PYHKITHH, SKCTpeMyMa
byHKIUH.
4. HeobxoauMoe yciioBue 3kcTpeMyMa nuddepeHnupyeMoit GyHKITUH,
HENPEPBHIBHON (QYHKIUH.
5. IlepBbIl ¥ BTOPOU TOCTATOYHBIN ITPU3HAK SKCTPEMYMA.
6. AOCOMIOTHBIN SKCTpEeMyM (DYHKIIUU HA OTPE3KE.
7. BoIyKI0CTh PYHKIIMHU, TOUKH Ieperuda. JloctatTouyHoe yCclioBHE BBITYKIOCTH
byHKIHU.
8. JloctaTouHO€ yCIOBUE TOUKH Tepernda. Heobxoaumoe ycioBue.
9. AcuMnToThl rpaduka PyHKIIMN BEPTUKAIbHBIC, HAKIIOHHBIE.
10. ITpaBuio Jlonurans.
Pazoen 6. Dynkuyuu neckonvkux nepemennvix (OHII)
1. Onpenenenus GyHKIUH 2-X, 3-X U N IEPEMEHHBIX, 00JaCTh ONPEACICHUS 1
CIOCOOBI 3a1aHUS.
2. I'paduk pynkumu 2-x nepeMeHHbIX. JIMHUU 1 TOBEPXHOCTH YPOBHSI.
3. IIpenen u venpepsiBHOCTH OHII.
4. YacTHble 1 MOJIHBIE TPUpAILEHUsT PYHKINH 2-X MepEeMEHHbIX. YacTHbIE
MIPOU3BOJIHBIE, UX T€OMETPUUECKUIN CMBICI.
5. CkansipHOE€ 1oJie, ero SJKBUIOTEHIMAIbHBIE TOBEpXHOCTH. [Ipon3BoaHas mo
HaIpaBJICHUIO.
6. I'paguenT GhyHKIMM CKAISIPHOTO T0JIsL. Teopema 0 MPOeKIIMN BEKTOpa
rpaJeHTa Ha HAallpaBJICHHE.
7. YacTHble TPOM3BOIHBIE BHICIIMX MOPSAIKOB. Teopema 0 paBEeHCTBE CMEIIaHHBIX
YACTHBIX TIPOU3BOIHBIX.
8. DxcTpemMyM (PYHKITMHU ABYX NIEPEMEHHBIX, €0 HEOOXOAMMOE yCIIOBUE (TeopeMa).
9. loctatouHbie yCIOBUS dKCTpeMyMa (DYHKIIMH JIBYX TIEPEMEHHBIX (Teopema).
Pazoen 7. Heonpeoenennwiit unmeepan (HH)
1.IlepBooOpasnas. Teopema o meppooOpasnoi. HM, ero reomeTpudeckuii CMBICIL.
2. CpoiictBa HH.
3. Tabauiia OCHOBHBIX MHTETPAJIOB.
4. Teopema o 3ameHne nepeMenHoi B HU.
5. UurerpupoBanue no yactsim B HU.



Y4eOHo-MeTOAUYECKHE MATEPHAJIbI U IPOrPaMMHO-UHGPOPMALIHOHHOE

obecreueHme
Ne ABTOD Hazsanue M3patens- | T'on | Bun | Anpec Bun
CTBO u3na JNEKTPOH| JIOCTyma
/a n3na
HUS HOTO
Hu pecypca
1 2 3 4 5 6 8 9
1.1 | bepmanr Kparkwuii kypc CII6: 2008 | Yue
A.D., MaTemarudyeckoro | Jlanp OHOe
ApamaHOBH | aHanIU3a I10CO
g U.T. oune
1.2 | Bmagumupc | MaremaTuka CII6: 2008 | yueb
kuii b.M., o0muii Kypc Jlanb HUK
I'opcTko
1.3 | Jdanko ILE. | Beicmias M.: 2015 | Yue
[TomoB A.I'. | MmaTeMaTuka B Mup u 2009 | 6Hoe
YIPaXHEHUSIX U 06- 2008 | moco
3amagax. 4.1 pa3oBanue | 2007 | 6ue
1.4 | Jdasko ILE. | Beicmias M.: 2015 | Yue
ITormoB A.I'. | maTemaTuKa B OHHMKC: | 2009 | 6HOC
yIpaXHEHUIX U Mup u 2008 | moco
3amagax. U.2 06- 2007 | oue
pa3oBaHHE
2.1 [Munayés | Beicias M: FOpaiit | 2011 | Yue
B.C. MaTeMaTuKa 2012 | 6HOC
oco
oue
2.2 Bunenkun | Beicmas PoctoB 2011
n.B. MaTeMaTuKa: H//1: Yue
Jluneitnas anre6pa. | denukc OHM
Ananutuyeckas K
TEOMETPHSIL.
Juddepenumansao
€ ¥l HHTeTPaJIbHOe
HCYHCIICHHE
2.3 Bunenkun | Beicmas PocroB 2011 | Yue
n.B. MaTreMmaTuKa: H//1: OHU
UHTETPAbI 110 deHuke K
Mepe,
G depeHIMaTbHBI
€ YpaBHEHHUS, PSIbI
2.4 Ky3nernoB | Maremaruka M.: 2012 | yueo6 | http://ip | C  mro6oit
B.T IOHUTU- Huk | rbooksh | Touku
JAHA op.ru JOCTyTa
TUTS
aBTOPH30Ba
HHOTO
TOJTb-
30BaTels
2.5 [Tontunau | Beicmas PoctoB 2012 | Yue



http://iprbookshop.ru/
http://iprbookshop.ru/
http://iprbookshop.ru/

kxoB B.I. MaTreMaTHhKa: u/J1: U1 OHOe
yuebHoe mocodbue | JAI'TY oco
JU1s1 6aKagaBpoB. Oue
.1
2.6 [TontuHHM | BeIicmas Pocros 2013 | Yue
koB B.1. MaTeMaTHKa: u//1: 11 OHOE
yaeOHoe mocodue | AI'TY 0CO
Ui OaKaiaBpoB. Oue
4.2
2.7 [Tontunam | Beicmas PocroB 2014 | Yue
kxoB B.H. MaTreMaTHhKa: u/J1: U1 OHOe
yuebHoe mocodbue | AI'TY oco
JU1s1 OaKagaBpoB. Oue
.3
6.2.10 | [lonTunauu | Beicuras Pocros 2015 | Yue
koB B.I. MaTeMaTHKa: u//1: 11 OHOE
yuebHoe mocodue | JAI'TY 110CO
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Ipuiaoxkenue 1

IlpaBuaa nuddepeHnnpoBaHua

Ne U=u(x), V=V(X)— Ne U=u(x), V=V(X)—
11 muddepermupyempie GyHKITUN T nuddeperupyembie GyHKITUN
C [IpousBoiHas CIOKHOM QYHKIIUH
| utv) =u=zv Vi ' 1o
(U£) y=flu(], ¥ = f,4;
1 (u -V)' =u'v+uv DyHKIHMA 3a7]aHa TTapaMeTpUIeEC-
KHUMH YPaBHCHHUSIMHU
Vil — '
Il (cu) =cU’, c=const {X‘X(t) y! _dy ¥
y=y(t) dx X
! I. _ k ! _ 1
v (E) _UNVSUY 0 #0) Eenn y = f(x) u x=f(y) —
v v VI B3aUMHO OOpaTHBIC (YHKIIHH,
! 1 !
vV TO Xy=7, (y, #0).

[cj’_ cv'  C=const
v) V2 (v(x)=0)

X

DopmyJbl nuhdepeHIIUPOBAHUA OCHOBHLIX DJIEMEHTAPHLIX (DYHKIIUH

Ne C:C0nSt, X — HE3aBUCHMas IICPCMCHHAA,
uiii U = u(x) — muddepernmpyemas GyHKIUS
1 1c=0 9 | (cosu) =-sinuu’
,_ U
2 |x'=1 10 | (tgu)' =—
cos’ U
3 | (uY) =au*tu 11 | (ctgu) =——
sinu
4 | (@) =a"Inau’ 12 | (arcsinu)’' = u LS
V1-u?
ul
5 | (e') =e"u’ 13 | (arccosu)’ = — ; |ul<1
V1-u?
,_ U ,_ U
6 | (log,u) = (u>0) 14 | (arctgu)' = >
ulna 1+u
u! !/
7 | (Inu)'=— (Uu>0) 15 | (arcctgu)’ =— >
u u
8 | (sinu) =cosu’

3ameuanue. ®opMynbl 3anucaHbl ¢ y4€ToM MpaBuia TupGepeHIUpOBaHUS CI0XKHOM

byHKINN.



IHpuiaoxenue 2

TaﬁJmua OCHOBHBIX HMHTEIrpaJjaoB

Ne ¢ = const, X — He3aBUcUMas No ¢ = const, X — He3aBUcUMas
n/n HepeMeHHas1, u=u(x) n/n HepeMEeHHas, u=u(x)
1. —C- — . 10.
deu_C, C = const; 0 J’ _dlZJ _ _ctgu+C:
sin“u
2. — . . )
Idu_u+C, 11 :arcsmEJrC;
a?—u? a
3. . atl 12 .
u“du = u +C, a#-1 d—uzln‘u+x/u24_ra2 +C;
’ o+1 * Ju?+a?
4, . 13.
d—u:In|u|+C; 3 Zdu . :iarcthnLC;
Ju Ju+a° a a
5. . u 14. du 1, |lu—-a
a'du=—+C; — =—In|——|+C;
. Ina Ju—-a° 2a |u+a
6. [aUd( = U : 15. .
Jerdu=e"+C; —fju :Inth +C;
Jsinu 2
7- = i - 16. .
Icosudu sinu+C; du _ Inltg (E+Ej +C:
J cosu 2 4
8. [sinudu=—cosu+C; 17. | [tgudu=—In|cosu|+C;
Q. 18.

J >—=1tgu+C;
cos“u

[ ctgudu = In|sinu|+ C.




